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Multilayer diffusion-reaction problems appear commonly in heat and mass transfer analysis, including in thermal
management of Li-ion batteries, drug delivery and reacting systems. Thermal stability of diffusion-reaction
problems is of much interest due to the potential for thermal runaway in such systems. While there is some
past work on investigating thermal instability in a one-dimensional multilayer body, practical systems such as Li-
ion cells are often two- or even three-dimensional. Therefore, it is important to develop a theoretical under-
standing of when a two-dimensional multilayer diffusion-reaction system may be thermally unstable. This work
addresses this important question by deriving a solution for the transient temperature field in this problem,
followed by pole analysis in the Laplace domain. An explicit threshold for thermal stability of the system is
determined on the basis of the determinants associated with a set of algebraic equations. The impact of key non-
dimensional numbers on thermal stability is determined, including those associated with heat generation and
boundary cooling, as well as ratios of thermal properties of the layers. Good agreement with past papers for
special cases of the general problem considered here is shown. A stability curve that separates stable and unstable
regions in the thermal design space of a two-dimensional two-layered body, such as a stack of Li-ion cells is
presented. This work extends the state-of-the-art in the theoretical understanding of thermal stability, and may
also contribute towards design for safety of practical engineering systems.

thermal conduction in such a scenario is an eigenvalue problem
involving diffusion and reaction, for which, the transient temperature
distribution may be written in an infinite series form [2,10]. As is the
usual case with this technique, the eigenvalues of the problem are
determined using the associated boundary and interface conditions [2,

1. Introduction

Theoretical analysis of simultaneous diffusion and linear reaction
within a body is of much interest due to several scientific and engi-

neering applications [1-3]. For example, in a multilayered Li-ion cell,
temperature-dependent heat generation occurs due to decomposition
reactions in each layer. Similarly, in a drug delivery device such as a
capsule, diffusion of the active drug through the inactive polymer matrix
is accompanied by drug absorption within the matrix, which is often
modeled as a negative concentration-dependent reaction term [4,5].
Other problems where diffusion and reaction both occur include com-
bustion [6], nuclear reactors [7], ecology [8] and geology [9].
Multilayer diffusion-reaction thermal problems are of particular in-
terest in studying thermal runaway in Li-ion batteries [2,10,11]. Ther-
mal runaway refers to a series of exothermic decomposition reactions,
wherein heat generated in the reactions increases the cell temperature,
which further increases the heat generated, due to a positive rate of
change of the reaction rate with temperature, until an unsustainable rate
of temperature rise results in fire and explosion [12,13]. Transient

* Corresponding author.
E-mail address: jaina@uta.edu (A. Jain).

https://doi.org/10.1016/j.ijheatmasstransfer.2023.125038

10,14,15]. Under certain conditions, it has been shown [2,10,15] that
such problems may admit one or more imaginary eigenvalues, which
have been shown to directly correspond to instability and thermal
runaway [2,10,15]. Based on this, conditions for thermal stability of
such systems have been derived [2,10,15].

A key drawback of the technique summarized above is that deriving
exact explicit expressions for the temperature distribution and the sta-
bility criterion is often cumbersome, especially for more than a few
layers. Since the primary interest is often in determining whether a given
system is stable or not, and not necessarily in computing the tempera-
ture distribution itself, therefore, alternate methods to determine the
thermal stability of diffusion-reaction systems are of interest. For
example, linear stability theory predicts that, in general, a function di-
verges at large times when its Laplace transform has at least one pole
with a positive real component [16]. Based on this, the thermal stability
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Nomenclature

A,B,C,D coefficients

Bi Biot number

k thermal conductivity (Wm™K™1)
k non-dimensional thermal conductivity
L layer thickness (m)

T temperature (K)

s Laplace variable (s 1)

t time (s)

t non-dimensional time (s)

w width (m)

w non-dimensional width

X,y spatial coordinates (m)

X,y non-dimensional spatial coordinates (m)
a diffusivity (m?s™1)

a non-dimensional diffusivity

B heat generation coefficient s™H

B non-dimensional heat generation coefficient
A determinant

[ non-dimensional temperature

c non-dimensional interface location

A eigenvalue

Subscripts

1,2 layer number

amb ambient

in initial value

of a one-dimensional multilayer diffusion-reaction problem has been
investigated by examining the poles of the solution in the Laplace
domain [3]. Stability of such a system is governed by a balance between
heat dissipation through diffusion and heat generation due to reaction.
Another work used similar pole analysis to examine the stability of a
temperature-dependent heat-generating finite body surrounded by a
semi-infinite medium [17]. Such an approach provides a straightfor-
ward technique to determine if, for a given set of parameter values, the
problem is stable or not. Despite the papers cited above, however, there
remains a lack of sufficient work on using linear stability theory to
investigate thermal problems.

Further, most of the past work in thermal stability of multilayer
diffusion-reaction systems addresses one-dimensional systems [2,3,10,
11,14,17]. While the one-dimensional approximation is reasonable for
several practical engineering systems, multidimensional analysis may be
necessary for specific problems. For example, thermal transport in a
battery pack containing a number of closely-packed prismatic Li-ion
cells is inherently two-dimensional — conduction from one cell to the
other in the thickness direction, as well as heat spreading within each
cell are both important. Multidimensional analysis is clearly necessary
to compute the temperature distribution and determine the stability of
such systems. Unfortunately, one-dimensional models cannot be readily
extended to analyze multidimensional problems, where the boundary
conditions in the direction normal to the layered direction may become
important, making such problems a lot more complicated than
one-dimensional problems.

The relatively small amount of literature on analytical modeling of
multi-dimensional thermal conduction problems is limited only to
isothermal (very large Biot number) or adiabatic (zero Biot number)
boundary conditions along the sidewalls [15,18-21]. This assumption
has been made in the literature mainly to enable a single set of eigen-
values for all layers, which makes it easy to satisfy interface conditions.
This strategy, however, breaks down for the realistic scenario of a
convective boundary condition along the sidewalls, because each layer
must now have a distinct set of eigenvalues. Recent work on a
two-dimensional two-layer problem generalized this to include a general
convective boundary condition, but did not account for the reaction
term [14] that is mainly responsible for thermal instability. Clearly,
there remains a need to examine the stability of two-dimensional
multilayer diffusion-reaction problems under general convective
boundary conditions, so as to be relevant for practical applications
where the sidewalls are neither isothermal nor adiabatic.

This work addresses this gap in the literature by carrying out Laplace
transform based stability analysis of a two-dimensional multilayered
diffusion-reaction problem, where each layer has a general convective
boundary condition normal to the layered direction. The problem is
solved in the Laplace domain, the inversion of which provides the
transient temperature field. Moreover, the poles of the temperature field

in the Laplace domain are examined, leading to a closed-form stability
threshold involving the determinants associated with a set of linear
algebraic equations. It is shown that this method correctly predicts the
threshold between thermal instability and stability of the system. Good
agreement with past work for two specific special cases is also demon-
strated. The impact of non-dimensional numbers associated with
temperature-dependent heat generation and boundary cooling on ther-
mal stability is examined.

The next Section defines and non-dimensionalizes the problem. A
solution of the problem is presented in Section 3, followed by stability
analysis in Section 4. Key results are discussed in Section 5.

2. Problem definition and non-dimensionalization

The primary interest of the present work is to determine the stability
of the linear diffusion-reaction heat transfer problem in a two-
dimensional multilayer body. For simplicity, a two-layer body is
considered, as shown schematically in Fig. 1, although results are easily
extendable to more than two layers. The thicknesses of the two bodies
are L; and Ly, respectively, with a width 2w of each layer. Thermal
conductivity and diffusivity of each layer are denoted by k and a,
respectively. Perfect thermal contact between the two layers is assumed.
The ambient temperature is taken to be Tg,, and a uniform initial
temperature Tj, is assumed for each layer.

Temperature-dependent heat generation within each layer may
occur due to a variety of mechanisms, such as chemical reactions and
Joule heating. While such heat generation mechanisms may, in general,
be non-linearly temperature dependent, for example due to exponential
Arrhenius kinetics for chemical reactions [22], linearization is often
carried out as an approximation, i.e., heat generation is assumed to
exhibit a linear temperature dependence [2,11].

The sidewalls of each layer are assumed to be subjected to a general
convective boundary condition represented by convective heat transfer
coefficients h; and hy, respectively. Note that setting these coefficients to
zero produces the special case of adiabatic wall, while assuming a very
large value results in an isothermal wall. Similar to the sidewalls, gen-
eral convective conditions may also exist on the top and bottom walls at
the ends of the geometry shown in Fig. 1. Since the effect of boundary
conditions at the ends of the multilayer geometry have been extensively
investigated in past work on one-dimensional multilayer stability anal-
ysis [2,10], therefore, the focus of the present work is on the effect of
sidewall boundary conditions, which occurs primarily due to the
two-dimensional nature of the problem considered here. For simplifi-
cation, therefore, the top and bottom boundaries are assumed to be
isothermal, as shown in Fig. 1. This assumption may also align well with
common practical systems, in which, a cold plate or a boiling coolant
may maintain constant temperature at the two ends of the multilayer
body. Generalization of the problem to include convective boundary
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Fig. 1. Schematic of the two-dimensional two-layer diffusion-reaction problem considered in this work.

conditions at the top and bottom is briefly discussed in a later
sub-section.

Based on symmetry of the problem in the y-direction, only one half of
the problem 0 <y < w may be considered. Under these assumptions,
temperature field in the two layers, T;(x,t) (i=1,2) is governed by the
following differential equations based on the principle of energy con-
servation:

Finally, the initial condition may be expressed simply as
T, =T, (t=0) (i=1,2) (8

In order to solve the problem described above and to examine the
stability of the temperature field, non-dimensionalization is first carried
out, based on the following definitions of non-dimensional parameters

Ty — Tom _ t L ok h(Ly +Ly) o BiLy + L)
9[_:( »);,: x 5 = y - O P - w ;klz—l;ﬁtl:ﬂ;Bi;: (L + 2);ﬂi:/l(l+ 2) ©)
Ty — Tamp L+ L, L+ L, (Ll + Lz) Li+L, Ly +L, ky (0%} ky (2%}
Here, X, y and t are the non-dimensional coordinates, ¢; are the non-
& T, O°T, oT, dimensional temperature fields in each layer (i = 1, 2), o is the non-
i <W+d_y2> + Bi(Ti = Tam) = or (i=1,2) 1 dimensional location of the interface, w is the non-dimensional half-

where f; is the linear coefficient that represents the temperature-
dependence of heat generation [2,10]. The larger the value of g;, the
more aggressively does heat generation increase with temperature. Note
that Eq. (1) is valid in the range 0 < y < w in the y-direction, and in the
range 0 < x < L; for layer 1 and L; < x < L; + Ly for layer 2 in the
x-direction.

The associated boundary conditions are

oT; .

a—y:()(y:()) (i=1,2) @)
ki% +hi(T; = Tamy) = 0 (y=w) (i=1,2) ®)
Ty = Tamp (X = 0) @
Ty =Ty (x=L +L,) 5)

Note that Eq. (2) arises from symmetry in the problem, as shown in
Fig. 1. Egs. (3)-(5) represent the convective and isothermal boundary
conditions assumed at the sidewall and top/bottom boundaries,
respectively, as shown in Fig. 1.

Based on perfect thermal contact between layers, the following
interface conditions may be written:

Ty=T, (x=Ly) (6)

0T1 _ aTz _
kla—ysz ()y (Xle) (@]

width, Bi; (i=1, 2) are the Biot numbers at the sidewalls of each layer,
and f; (i=1, 2)are the non-dimensional heat generation coefficients in
each layer. In general, thermal stability of this problem is determined by
a balance between thermal transport within and between layers (rep-
resented by @; and k1), heat removal from the boundaries (Bi; and Biy)
and heat generation within each layer (f; and f,). Non-dimensionali-
zation based on Eq. (9) reduces the number of parameters involved in
the problem and helps identify key non-dimensional parameters that
govern the thermal stability of the problem.

In addition to non-dimensionalization, Laplace transformation of the
governing equations is also carried out in order to remove time depen-
dence from the equations. The following set of non-dimensional gov-
erning equations in the Laplace domain is obtained:

_ (00, 00\ - -
a](a)_cz + 6)72) +ﬁ161 = 391 —1 (10)
00, 0, -~ -

axz + (E’Q +ﬂ292 = ng —1 (11)
subject to
00

—=0(y=0) (i=1,2) (12)
_ 90 ~
kla—y‘wilel =0 (y=w) (13)
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a—;+3i2§2 =0(y=w) a4
0, =0 (x=0) @s)
0, =0 (x=1) 16)
b\] = az ()?ZO') (17)
_ 00, 00, _

hise == (x=0) (18)

Where "represents quantities in the Laplace domain.
3. Derivation of the solution

The problem for the non-dimensional temperature field in the Lap-
lace domain is solved using the method of separation of variables. First,
in order to account for the non-homogeneity appearing in Egs. (10) and
(11), the following transformation is carried out

0:(x.5) = @) +Vi(x.y) (i=1,2) 19

where the dependence on the Laplace variable s is not listed explicitly
for convenience.

+ (b —s)tur = -1
(o — s)Uy = — 1, respectively. The associated boundary/

u; and U, may be taken to be governed by a; ﬂl
and ﬁ; +
interface conditions are ﬂ/l = ﬁ; =0aty =0,k ﬁ'l +Biju; =0aty=w
and ﬁrz + Biylip = 0 at y = w. A solution for this set of ordinary differ-
ential equations is found to be

U (3) = (s = pi)
where p; = /(f1 —s)/a1 and p, = /P2 —s. Based on the boundary

conditions at y = w, the coefficients A; are found to be A; = —

"+ Acos(uy) (i=1,2) (20)

SBI/I} (Biy cos(uy;w) — kypysin(u,w)) ™" and Ay = - B& % (Biz cos(u;w)
—p,sin(u,w)) ', Note that when s = f1, 1 (7) is given by the following
expression instead of Eq. (20)
1 (5 kw W

_L (Y kw W 21
1(y) al(2+Bil+2 @D

Similarly, when s = f,, Uy(y) is given by the following expression
instead of Eq. (20)

52

o W
uz(y):Ty+ +2 (22)

w
Bi,

Vi(x,y) are determined next. Based on the definition of 4;, the governing
equations for V;(x,y) are given by

v, @
@ (aTV; ay“) + BT =59 @3)
vy OV, - ~
02 +az +ﬂ2V2:SV2 (24)
subject to
ov;

5 =0 0=0 (=12 (25)
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i‘l% +Bijv, =0 (y=w) (26)
ov. ~ _

GL; +Bi,v, =0 (y=w) @7
Vi =~ (y) (x=0) (28)
Vo = —1(y) (x=1) (29)
Vi =Y+ () -1 (5) (x=0) (30)
_dv, oV

kI%—§ (t=0) (31)

The following series solution may be written for ¥, and V,:

Z C ncosh U )+Dl‘”sinh(n,_”)’c)]cos(ﬂlyny) (32)

n=1

)

M (x,y) = Z [Czyncosh(nz_”(l —

n=1

X)) + Dy,sinh(n,,(1 — X)) ]cos (A2,,7)  (33)

where 4; , and 1, , are the eigenvalues for the respective layers. Based on
W= (Pr—s)/m

(B2 — ). Further, based on the boundary condition at

the governing equations, it can be shown that#, ,, =

and gy, =\/%5, —

y = w, the following eigenequations may be derived for layers 1 and 2,
respectively:

7121x~tan(xv’v) + Bll =0 (34)

—x-tan(xw) + Bi, =0 (35)

Roots of the transcendental equations given by Egs. (34) and (35)
provide the eigenvalues 4, , and 1, ,, respectively, which are, in general,
distinct from each other.

For practical computation, the infinite series solutions given by Eqgs.
(32) and (33) are truncated up to a finite number of terms, say, N, and a
set of 4N linear algebraic equations in the 4N unknowns Ci ,, Cap, D1p
and Dy, (n = 1,2...N) are derived using boundary and interface con-
ditions in the X direction. Boundary conditions at x = 0 and x = 1 result
in

Z Cincos (Axny) =
n=1

Multiplying both sides of Eq. (36) above by cos(4;,y) (m =1,2,..N),
followed by integration and use of the principle of orthogonality of the
eigenfunctions results in the following explicit expressions for C;, and
sznl

—u(y) (i=1,2) (36)

1 q?,,@cos(z,-"y)dy (i=12) (n1=12,.N)
Cop = — / @7)

Ni,n 0

where the norms N; , and N, , are given by

wcosz(/l,,,y)dy (i=1,2) (1=12,.N)
Ny = / 38)
0

Unfortunately, similar explicit equations for the other set of co-
efficients, D;, and D,, can not be obtained. Instead, from the interface
conditions at X = o, one may write
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N
Z [Ciacosh(,,0) + Dy ,sinh(n,,0)cos(41,5) = W (5) — 1 (5) + Z [Caucosh(n,,, (1 — 0)) + Dy,sinh(n,,(1 — 6)) ] cos (A2,,5) (39)
n=1 n=1
N o
ki Z /. [C, asinh (’71.;1”) + D, ,cosh (ﬂ],n”” cos (zl,ny) = — Z Non [sz,,sinh (112‘"(1 — (7)) + D, ,cosh (172_”(1 - (7))]cos (zzv,,y) (40)
n=1 n=1

where, based on Eq. (37), C1, and C,, are already known. In order to
determine the remaining coefficients D; , and D, ,, Eq. (39) is multiplied
by cos(d2my) (m=1,2..N) and integrated over y. Mathematical simpli-
fication based on orthogonality of eigenfunctions of layer 2 results in

N
—D,,,sinh (qz‘m (1-0) )Ng\m + Z D, ,sinh (17 - 0)

n=1

Eq. (41) represents N linear algebraic equations for eachm =1,2..N.

Further, Eq. (40) is multiplied by cos(11,y) (m=1,2..N) and inte-
grated over y. Mathematical simplification based on orthogonality of
eigenfunctions of layer 1 results in

N veos( 4
/fvcos(/h ,,j-)cos(}vz,,,,i)dy:7 Z Cy ncosh ()7141(1> fl; Cm(”'”‘)
n=1

ks uisin(puyw) = 0, Eq. (37) implies that C;, will become Foo whenever
U; becomes +oo. Further, Egs. (32) and (33) imply that this will lead to ¥;
becoming Foo, resulting in a finite value of the temperature distribution

in Laplace domain, ;. This is illustrated graphically in a later Section.
Therefore, the poles of 51‘ occur due to the ¥; — and not U; — component

o[y () — uy (5) cos(/lz \‘)d\
‘05(42 m“)d‘*fz mcc‘h('llm“’”))A’2.111+‘];) fez 1) "

(41)

becoming infinite. This is illustrated graphically in the next section.
Based on the definition of V; given by Egs. (32) and (33), a pole for V;
may occur when one or more of the coefficients C;, and D;, become
infinite. From Eq. (37), C;, are always bounded, and, therefore, the

appearance of a pole for b may ultimately be attributed to the co-

s (15 12,5 )

N
fvcoa(lu m_V)COS(Xz.,zf)d\'Z*% M mCi msinh(m.mU)Nl.er N C2 nsi"h('lz.n(l - 6))

N
]_clrll.levaOSh (n],mg)Nl.m + Z 7]2_11D2«"C08h ('72;1(1 - 6))

n=1

which represents an additional N linear algebraic equations for eachm =

1,2..N. Together, Egs. (41) and (42) constitute 2N equations that can be
solved to determine the 2N unknowns D , and D, . Given that C, , and
C,n are already known from Eq. (37), this completes the solution for v;,
and thus, the temperature distribution 6;(%,7) in the two layers in the
Laplace domain. Eqgs. (41) and (42) are solved using matrix inversion.
Due to the complicated nature of the temperature field in the Laplace
domain, inversion to time domain is carried out numerically using de
Hoog’s algorithm [23-24]. As discussed next, inversion is not neces-
sarily needed for stability analysis.

4. Stability analysis

Based on results from linear stability theory [16], thermal stability of
the two-dimensional two-layer diffusion-reaction problem considered
here is predicted by the nature of poles of the temperature distribution in
the Laplace domain, ;. A pole with a positive/negative real component
indicates that the system is thermally unstable/stable, and a pole ats = 0
may be used as a limiting condition for stability. In the present problem,
since 51‘ is the sum of two components U; and V;, therefore it is important
to examine the values of s at which a pole may appear for either ; or V;,
i.e., values at which z; or ¥; may become infinite. While from Eq. (20), 4;
may become infinite at certain values of s when Bi; cos(u,w)—

n=1

(42)

efficients D;, becoming infinite. Since D;, are coupled to each other
through the set of linear algebraic Eqgs. (41) and (42), therefore, from
Cramer’s rule [25], these coefficients are given by A;/A, where A is the
determinant of the matrix formed by the coefficients in Eqgs. (41) and
(42), and A is the determinant of the matrix formed by replacing the j
column of the coefficient matrix with the column vector formed by the
right hand side of Eqgs. (41) and (42). This implies that the coefficients
D;,, may become infinite, and hence a pole for ¥; may occur when the
determinant A approaches zero, provided at least one of the de-
terminants A; remain non-zero. Finally, since the system is thermally
unstable/stable if a positive/negative pole exists, therefore, a limiting
condition of instability may be expressed as the determinant A of the
algebraic equations given by Egs. (41) and (42) at s = 0 approaching
zero, while at least one of the determinants A; remains non-zero.

In general, the determinant is a function of a number of non-
dimensional parameters that represent various competing thermal pro-
cesses in this problem, for example, transport as represented by k; and
a1, reaction as represented by f; and f», boundary dissipation as rep-
resented by Bi; and Biy, as well as geometry as represented by w and o.
For a given set of conditions, the determinant can be computed to
determine the threshold between thermal stability and instability (while
also verifying that at least one of the determinants A; remains non-zero),
and to address other design questions that are directly related to thermal
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Fig. 2. Comparison with past work: Temperature at X = ¢/2, ¥ = 0 as a function of time for four different values of width w. (a) and (b) illustrate thermally stable (51
= p» =0.5) and unstable (5; = fla = 7.5) cases, respectively. Other problem parameters arek; = 0.6, @, = 0.3, ¢ = 0.4, Bi; =1, Bi = 0.4. Results from past work

on one-dimensional stability analysis [2] are presented for comparison.

safety. For example, in order to determine the maximum heat load f;
that the system can withstand before instability sets in, it suffices to
determine the smallest §; at which the determinant of Eqs. (41) and (42)
at s = 0 approaches zero, while at least one of the determinants A; re-
mains non-zero. The role of the determinant in thermal stability of this
problem is examined in more detail in analysis presented in the next
section.

5. Results and discussion
5.1. Comparison with past work

The present work generalizes the analysis of multilayer thermal
transport by accounting for two-dimensionality as well as the reaction
term. Therefore, it is instructive to compare the present work with past
results for special cases of the general problem considered here.

The two-dimensional two-layer problem considered here is expected
to reduce to a simpler, one-dimensional problem when the width w
becomes sufficiently large, which makes heat transfer in the y direction
negligible. The one-dimensional multilayer diffusion-reaction problem
has been solved in the past [2], for which, a limiting condition for

1’\
\
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> @, - - 0.001
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i

Fig. 3. Comparison with past work: Temperature at X = 6/2, y =w/2 as a
function of time for four different values of §; (= f82). Other problem parameters
arek; = 0.6, @ = 0.3, w = 0.5, 6 = 0.4, Bi; = 1, Bi, = 0.4. Results from
past work on two-dimensional pure-diffusion analysis [14] are presented
for comparison.

stability was derived using separation of variables technique, indepen-
dent of the pole analysis used in the present work. In order to compare
the two, Fig. 2 presents the temperature distribution at a point in layer 1
(x = 6/2, y = 0) as a function of time. Two distinct problems with
1 =po =05 and p; = f» = 7.5 that lead to convergence and diver-
gence, respectively, are considered in Fig. 2(a) and 2(b), respectively.
Other problem parameters are k; = 0.6, @ = 0.3, 6 = 0.4, Bi; = 1,
Biy = 0.4. Curves corresponding to multiple values of w are presented.
For comparison, results from the one-dimensional multilayer
diffusion-reaction analysis [2] are also presented in each case. It is found
that as w increases, the temperature plot approaches the one obtained
from an independent analysis of the limiting one-dimensional problem
based on the separation of variables method [2]. For w=1.2 and
w = 2.4 in the converging and diverging cases, respectively, it is found
that the two-dimensional analysis practically overlaps with the
one-dimensional analysis, i.e., the width is large enough that the body
can be treated as one-dimensional with reasonable accuracy. This limit,
of course, depends on the values of other parameters that appear in the
problem. For example, for larger values of Bi; and Biy, convective heat
loss from the sidewalls is expected to be larger, and, therefore, the value
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Fig. 4. Comparison with numerical simulations: Temperature at

X = 0/2, y = w/2 as a function of time for thermally stable (f; = > = 0.5) and
unstable (f; = f» = 7.5) cases. Other problem parameters are ki =06, a5 =
0.3, w = 0.5, 6 = 0.4, Bi; = 1, Biy = 0.4. Results from an independent nu-
merical simulation are also shown for comparison.
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of w for two-dimensional heat flow to be negligible is expected to be
larger.

A further comparison of the present work with past results is presented
for the special case of a two-dimensional pure-diffusion problem. In this
context, the solution of a pure-diffusion problem in a two-dimensional
two-layer body has been derived using the Laplace transformation tech-
nique [14]. In comparison, the present work is more general, in that a
linearly temperature-dependent reaction term representative of thermal
runaway in batteries and other reacting systems has been accounted for.
In order to compare the two, a two-dimensional two-layer problem is
considered with k; =0.6, a; =0.3, 6=0.4, Bi; =1, Bi=0.4, w=0.5.
Fig. 3 presents plots of temperature at x=0/2, y=w/2 in layer 1 for
multiple values of the heat-generation coefficient p;(= f»). For
comparison, results based on past work on the two-dimensional
pure-diffusion problem [14] are also presented. Note that the past work
considered a general convective boundary condition at the top and
bottom ends of the two-layer body. For comparison with the present
work, very large values are assumed for the corresponding Biot numbers,
in order to obtain an isothermal boundary condition, similar to the
present work. Fig. 3 shows that the temperature curves shift upwards as
f1 increases, which is expected due to increased magnitude of heat
generation at larger values of f. As expected, for very small values of f1,
the temperature curve based on the present work agrees well with past
work, which was derived independent of the present work.

The plots above demonstrate that under simplified special cases, the
general theoretical model presented in this work correctly reduces to
special cases considered in past papers [2,14]. Such agreement is
encouraging and lends confidence to the present work.

5.2. Comparison with numerical simulations

Comparison of the present work with numerical simulations is also
carried out. For this purpose, a numerical simulation of the thermal
conduction problem considered here is set up in a finite-element solver.
The reaction term is implemented in the form of a heat generation term
that increases linearly with the magnitude of the local temperature rise.
The spatial grid and timestep for the simulation are chosen to be small
enough (A& = Ay = 0.01 and Az = 0.01, respectively) so as to rule out
sensitivity of computed temperature distribution on these parameters, as
well as to ensure numerical stability. Fig. 4 presents a comparison be-
tween the analytical model and numerical simulations in terms of
temperature at a specific location as a function of time for two repre-
sentative problems — a converging one (f; = 2 = 0.5) and a diverging
one (f; = fo = 7.5). Other problem parameters are k; = 0.6, a; = 0.3,

o =04, Bi; =1, Bi; = 0.4, w = 0.5. In both cases, there is excellent
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agreement between the analytical model and numerical simulations.
Minor disagreement (less than 1.6%) is observed at large times for the
diverging cases, which may be due to the rapidly diverging nature of the
temperature field because of the large values of $; and f,, which may
have induced computational error in the numerical simulation.

5.3. Results for a typical set of parameters

In order to better understand the thermal stability of this problem,
pole analysis of a representative problem is carried out next. Fig. 5(a)
plots the Laplace transform of the temperature field at a specific location
X =0/2, y=w/2 as a function of the Laplace variable s. Curves are
presented for four different values of 1, while other problem parameters
are held constant at k; = 0.6, @; = 0.3, 6 = 0.4, Bi; = 1,Bi, = 0.4,

w = 0.5, o = 0.5. Poles of each curve are marked by solid circles.
Based on linear stability theory, this problem is expected to be unstable
if this curve exhibits a positive pole. As expected, it is found that for
sufficiently small values of §;, the curve has a negative pole. This implies
thermal stability, which is mainly because diffusion/conduction (a; and
k1) and heat removal from the boundaries (Bi; and Bi,) are sufficiently
strong to overcome the relatively small temperature-dependent heat
generation (1 and f,). As 1 increases, the pole shifts rightwards, i.e.,
the problem approaches instability, and for a threshold value of around
1 = 8.9, crosses over to the positive s axis, indicating the onset of
instability. Poles for larger values of 1 are found to be positive. Fig. 5(a)
demonstrates the capability of the theoretical model developed here to
predict the conditions in which the two-dimensional two-layer diffusion-
reaction problem may exhibit instability.

To further examine the instability of this problem, Fig. 5(b) plots
temperature at a specific location x = 6/2, ¥ = w/2 as a function of time
for the same five values of f; considered in Fig. 5(a). The temperature
field is determined by inverse Laplace transformation of the solution
derived in the Laplace domain, using de Hoog’s algorithm as discussed
in Section 3. Fig. 5(b) shows, as expected, that for §; = 1.0 and 1 = 6.0,
for which, Fig. 5(a) shows a negative pole, the temperature distribution
correspondingly decays over time. In contrast, when the pole of the
Laplace curve shown in Fig. 5(a) is positive (for §; = 12.0 and p; =
15.0), Fig. 5(b) clearly shows divergence in the corresponding plot of
temperature as a function of time. The threshold value of 1, at which,
the thermal system changes from unstable to stable is expected to be
somewhere close to 1 = 8.9, which is consistent with Fig. 5(a).

w=0.5, ki = 0.6,

@ =0.3, B, = 0.5,

Biy =1, Biy =04, ]
o=04

Fig. 5. (a) Temperature in the Laplace domain at X = ¢/2, y = w/2 as a function of the Laplace variable s. Curves are plotted for four different values of ;. Other
problem parameters are ki =06, a; =03, =05, w =05, 6 =0.4, Bij =1, Biy =0.4. (b) Temperature as a function of time at x = 6/2, ¥y = w/2 for the same
values of f8; to illustrate stability/instability. f; = 8.9 is found to be close to the threshold for stability.
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plot is also shown in (b) for clarity.

5.4. Determinant as an indicator of thermal stability

A key assertion of the present work is that the determinant of the set
of algebraic equations for the coefficients of the series solution predicts
the threshold between stability/instability of the problem. It is shown in
Section 4 that a threshold for stability may be obtained by examining the
values of various determinants associated with Egs. (41) and (42) ats =
0. In order to demonstrate this further, Fig. 6 plots the magnitude of the
determinant A at s = O for a representative problem. Since heat gener-
ation within the layers and heat removal from the boundaries are both
important factors in determining the temperature distribution and
thermal stability, therefore, the determinant A is plotted as a function of
p1 and Bi; in Fig. 6(a) and 6(b), respectively, while all other problem
parameters are held constant. As predicted by the theory presented in
Section 4, the curve shown in Fig. 6(a) is found to cross the f-axis,
indicating a zero determinant at that point. This threshold value, found
to be p; = 8.9 from Fig. 6(a) is consistent with the pole analysis pre-
sented in Fig. 5(a), which shows that the pole of the curve for the Laplace
transform of temperature just becomes positive for a threshold value of
around p; = 8.9. For values of p; larger than this threshold, it is ex-
pected that temperature-dependent heat generation will dominate over
dissipation processes, resulting in divergence of the temperature field at
large times. Note that the determinant curve may cross the f-axis

Laplace Transform

s Y

5 10
s

multiple times. However, the first root is of primary interest, because,
clearly, instability will occur for any value of §; larger than the first root.

Note that in addition to A, Fig. 6(a) also plots two other associated
determinants A; and A, formed by replacing the first and second col-
umns, respectively, of the coefficient matrix with the column vector
formed by the right hand side of Egs. (41) and (42). These curves verify
that the determinants A; and A, remain non-zero at §; = 8.9, at which,
A becomes zero. Based on the theoretical discussion in Section 4, this
confirms that ; = 8.9 is indeed the correct threshold for instability of
this problem.

Fig. 6(b) presents a similar curve for the determinant as a function of
Bi that represents heat removal from the sidewall boundary. Similar to
Fig. 6(a), the curve in Fig. 6(b) is also found to cross the Bi;-axis at a
specific value that represents the threshold value around Bi; = 11.5,
below which, the boundary condition is not strong enough to prevent
thermal instability. Similar to Fig. 6(a), the determinants A; and A, are
also plotted here in addition to A, in order to correctly determine the
threshold for instability. These curves help verify that the determinants
A1 and A, remain non-zero at Bi; = 11.5 when A becomes zero.

5.5. The origin of poles from U; and V; components

As shown in Eq. (19), the temperature distribution in the Laplace
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Fig. 7. Origin of poles from V; component: @1 atX = ¢/2, y = w/2 as a function of the Laplace variable s, along with its two components u; and V1. (a) f; = 6.0, (b)
p1 = 15.0. Other problem parameters are k; = 0.6, @ = 0.3, o = 0.5, w = 0.5, ¢ = 0.4, Bij = 1.0, Biy = 0.4.
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domain comprises two components — ;(y) and V;(x,Y). A key assertion
presented in Section 4 is that the poles for the Laplace temperature
distribution, which determine thermal stability of this problem, origi-
nate from the ¥; component, and not the i; component. Specifically, it is
shown that poles occur due to the series coefficients D;, becoming
infinite when the determinant A of the algebraic equations given by Eqs.
(41) and (42) at s = 0 approaches zero while at least one of the associ-
ated determinants A; remain non-zero. In order to illustrate the origin of

poles for the temperature distribution from the %; component, 8; at a
specific location X = 6/2, y = w/2 is plotted as a function of the Laplace
variable s, along with its two components u; and V; in Fig. 7. Two
specific cases with f; = 6.0 and f; = 15.0 that represent thermally
stable and thermally unstable conditions, respectively, are plotted in
Fig. 7(a) and 7(b), respectively. In each case, within the range plotted,
U is found to exhibit one pole, at s = 5.0 and s = 1.3 for the two cases,
respectively. However, as discussed in Section 4, due to the relationship
between u; and V1, V7 is found to have an opposite pole at the same
value of s, so that the sum 8; does not exhibit a pole at that location.
Therefore, Fig. 7(a) and 7(b) illustrate that for both stable and unstable
problems, even though i; may have a pole, it does not lead to a pole for
61, and, therefore plays no role in determining the stability of the
problem. In contrast, both plots show that ¥; has a pole ats = —1.9 and s
= 5.0 for the two cases, respectively, at which, the ii; component re-
mains finite, which leads to a pole for 91 at these locations. The negative
and positive values of s at these pole locations indicate thermal stability
and instability for the parameter values in Fig. 7(a)(a) and 7(b),
respectively. Fig. 7 illustrates that tracking the pole for V; is indeed
appropriate for determining the poles of the overall temperature dis-
tribution in the Laplace domain, and, thus determining the thermal
stability of the problem.

5.6. Convergence vs divergence: stability maps

A primary question of much practical importance is whether, for a
given set of conditions, the temperature field in the two-dimensional
two-layer body will converge or diverge. In general, thermal stability
is governed by a balance between multiple competing processes,
including heat generation (represented in non-dimensional form by f;
and f»), heat dissipation from the sidewalls (represented by Bi; and Biy),
diffusion in the body (represented by a;), interfacial heat transfer be-
tween layers (represented by k; ) and geometry (represented by o and ).
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Fig. 8. Stable and unstable regions in the design space: Plot of maximum
possible ; to ensure thermal stability as a function of Bi;. Other problem pa-
rameters are k; = 0.6, a; = 0.3, o =0.1, w = 0.5, 6 = 0.4,Bi; = 0.4. Stable
and unstable regions are indicated. Eight design points are indicated for further
illustration.
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In general, heat removal from the two ends of the layered body is also
important, but since this has been studied in detail in the past [2,10],
therefore, this is not considered explicitly in the present work, and the
top/bottom boundaries are assumed to be isothermal.

In order to identify and illustrate converging and diverging regions in
the design space of the two-layer body comprising the non-dimensional
parameters listed above, pole analysis is used to determine stability of
the body over the $;-Bi; space while holding all other parameters con-
stant. For each boundary dissipation condition, represented by Bi, the
maximum tolerable heat generation characteristic represented by f; in
order to ensure stability is computed. In this manner, a stability curve is
generated and presented in Fig. 8. Other problem parameters are k; =
0.6; & =0.3; 6 =0.4; Bi, =0.4; w = 0.5, §» = 0.1. Fig. 8 plots the
threshold curve below and to the right of which, the body is thermally
stable, and above and to the left of which, the body is thermally un-
stable. In general, Fig. 8 shows that the larger the value of Bij, the larger
is the amount of temperature-dependent heat generation that the body
can tolerate while remaining within the stable regime. Note that very
small and very large values of Bi; correspond to adiabatic and
isothermal conditions, respectively, which are the worst-case and best-
case conditions for stability, respectively. The stability curve is found
to be S-shaped, indicating that when conditions at the boundary are very
adverse (small Bi;), small improvements in cooling conditions do not
result in significant benefit in terms of how much heat the body can
withstand. At the other end of the curve, when Bj; is already quite large,
therefore approaching isothermal conditions, incremental improvement
in Bi; does not bring about significantly increased heat removal. These
arguments explain the flat nature of the curve in Fig. 8 at the two ends.
In between the two ends, there is a steep region in which the threshold
value of p; improves rapidly with increasing Bi;. From a design
perspective, this implies it may be desirable to improve boundary con-
ditions when operating in this steep intermediate region, whereas, if Bi;
is relatively small or large, efforts to increase Bi; may not be justified due
to the limited incremental thermal benefit from doing so.

The converging and diverging regions identified in Fig. 8 may be of
much practical importance. For example, points A, B, E and F shown in
Fig. 8 are thermally unstable, while points C, D, G and H are stable.
Points A, B, C and D represent multiple heat generation conditions (i.e.,
$1) at a constant Bi;, whereas points E, F, G and H represent multiple
boundary cooling conditions (i.e., Bi;) at constant f;. In order to further
illustrate the impact of changing $; or Bi; on thermal stability, tem-
perature at a specific location in the body is plotted as a function of time
for these design points. The temperature field is computed by inverse
Laplace transformation of the solution derived in the Laplace domain.
The case of multiple f§; at constant Bi; is presented in Fig. 9(a).
Consistent with the stable and unstable regions shown in Fig. 8, the
temperature curves in Fig. 9(a) show thermal instability for points D
(/1 =8) and C (f; = 9), whereas increasing f8; further results in crossing
the stability curve into the unstable region, so that the points B (8; = 11)
and A (; = 12) are unstable.

Similar illustration of the impact of increasing Bi; at constant 5 is
presented in temperature plots for points E, F, G and H in Fig. 9(b). As
expected, it is found that the problem is thermally stable when Bi; is
sufficiently large, for example at points G (Bi; = 10) and H (Bi; = 100),
whereas reducing Bi; results in instability, for example at points E
(Biy = 0.01) and F (Bi; = 1).

5.7. Effect of thermal diffusivity

In addition to heat generation and boundary dissipation processes
investigated in previous sub-sections, diffusion within layers is also an
important process that governs whether the problem is thermally stable
or not. The thermal diffusivity a; is the key thermal property that gov-
erns this process. In general, it is expected that a larger thermal diffu-
sivity would contribute towards greater removal of heat, and, therefore,



A. Jain and G. Krishnan

6

r
/ _
(a) / B1
_Or T ——120)] ]
ol (O 11.0 (B)
X /
Saf E —o0(©) |
1 5 - 80 D
[ I,' ! ®
1= - ’ R -
o~ 3 /
N
S
Il
B
Y

International Journal of Heat and Mass Transfer 221 (2024) 125038

6 : S
!
0 / w
A / |
~ ° / & |===-0.01(E)
I+ h K
Nv ’I S fesennans 10 (F)
4 4 ——10.0 (G) |
/ - — 100.0 (H)
I /
>3t / : 1
< /
© LA W= 0.5, k1 = 0.6,
2 AR ~ 1 I ]
S ay = 0.3, BjQ =04,
B S B, = 10.0, B, = 0.1,
S L =04

Fig. 9. Illustration of thermal stability as a function of reaction term and boundary condition: Temperature at x = 6/2, ¥y = w/2 as a function of time for different
values of (a) #; (with Bi; = 3) and (b) Bi; (with #; = 10), respectively. Other problem parameters are k; = 0.6, @ = 0.3, fo = 0.1, w = 0.5, 6 = 0.4, Bi = 0.4.

6 T ', T T
(@)
1
57 / T il
l\.\ I’ aq
[aN] ’
54t ,.’ —-—-0.25]
I I' - s 0.30
= 5l / —035| |
o~ / ) - = 040
= 2 ! _
- S e W =05, k= 0.6,
2 A e B, =10.0, B, = 0.5, ]
B e Bi; = 1.0, Biy = 0.4,
S 1 =04
0 . 1 et KB S S
0 0.5 1 15 2

50 : ,
_"(b)
™~ 40+ ]
Il
I+
QF 30 L il
I3
Il
=
~ 20+ — ]
= w = 0.5, k; = 0.6,
ﬁ By =10.0, B, = 0.5,
Biy = 1.0, Bis = 0.4,
B 10r ai 0.4 “ 1
>
0 ‘ : :
0.2 0.3 0.4 0.5 0.6
oy

Fig. 10. Effect of thermal diffusivity on stability: (a) Temperature vs time curves for multiple values of a;, (b) Temperature at a large time as a function of @;. Other
problem parameters are k; = 0.6, ¢ = 0.4, 1 = 10.0, f» = 0.5, Bij = 1, Biy = 0.4, w = 0.5.

thermal stability. In order to illustrate this quantitatively, temperature
vs time plots are presented in Fig. 10(a) for a representative problem
with different values of @;. Similar to previous Figures, the temperature
field is computed by inverse Laplace transformation of the solution
derived in the Laplace domain. As expected, it is found that relatively
smaller values of @; lead to thermal instability and large temperature
rise at large times, whereas the temperature plot decays over time when
a; is sufficiently large. In fact, thermal stability of this problem is
strongly dependent on @, with relatively minor changes in @; resulting
in sharp transition from stable to unstable configuration. To illustrate
this, temperature at a large time, t = 2.1 is plotted as a function of @; in
Fig. 10(b). This plots shows that the temperature decays to zero for
sufficiently large values of a; and that there is a very sharp transition
from stable to unstable configuration as @; is reduced. Close to around a;
= 0.3, even a small improvement in @; may shift the thermal behavior of
the system from unstable to stable. This may have important practical
implications in the design of thermal systems. In case the thermal
diffusivity of a system is close to such a threshold as illustrated in Fig. 10
(b), then even minor improvement in @;, which may be easy to
accomplish through, for example, material changes or introduction of
additives, may ensure the thermal stability of the system. In contrast,
even minor reduction in thermal diffusivity, for example, due to material
deterioration or aging may cause the system to fall into a thermally
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unstable regime.

5.8. Extension to non-isothermal boundary conditions along the layered
direction

As shown in Egs. (15) and (16), the analysis presented here assumes
isothermal conditions at the two boundaries along the layered direction,
atx =0, 1. This assumption has been made to simplify the analysis and
focus on boundary conditions induced by the two-dimensionality of the
problem. This is a reasonable approach since the influence of boundary
conditions x = 0, 1 on thermal stability of multilayer diffusion-reaction
problems has been analyzed extensively in past work [2,10]. In contrast
to such past work, the assumption of isothermal boundary conditions at
X =0, 1 in the present work facilitates emphasis on sidewall boundary
conditions in the direction normal to the layers.

While isothermal boundary condition at x =0, 1 is a reasonable
model for some practical conditions, such as when the multilayer stack is
sandwiched between isothermal cold plates, or is being cooled by a
boiling coolant, nevertheless, extension of the theory presented here to
non-isothermal conditions is quite straightforward and may be helpful
for other practical problems. In brief, the coefficients C;, and Cap,
which are given explicitly by Eq. (37) for the isothermal case are no
longer available explicitly when the boundary condition is replaced by a
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more general convective condition. Instead, Ci, and C,, are now
coupled to D, , and D, , through linear algebraic equations arising from
the convective boundary conditions at x = 0, 1. In such a case, the set
of algebraic equations needs to be expanded to include C; , and C5, in
addition to D;, and D;,. The determinants associated with this
expanded set of equations continue to predict the thermal stability of the
system in a manner similar to the discussion in Section 4.

6. Conclusions

The key novelty of the present work is that it accounts for two-
dimensional heat transfer in determining the thermal stability of
multilayer diffusion-reaction problems. This work improves upon past
work in which thermal stability analysis was limited only to one-
dimensional geometry. Problems that may benefit from the present
analysis occur commonly in practical systems such as Li-ion cells and
other reacting systems, where the two-dimensional nature of the ge-
ometry must be accounted for. This work shows that the thermal sta-
bility of such a problem can be analyzed through the relatively simple
calculation of the various determinants associated with a set of algebraic
equations.

While this work is presented in the context of a two-layer body,
extension to more than two layers is conceptually straightforward. The
number of unknown coefficients will be greater in such a case, but,
nevertheless, a sufficient set of linear algebraic equations can continue
to be written based on conditions at each interface. Another key
assumption made in this work is the linearization of temperature-
dependent heat generation. Such linearization is commonly carried
out as an approximation [2,10,17], since it enables the use of mathe-
matical tools such as separation of variables [2,10,11] and linear sta-
bility analysis [17]. However, for any given problem, the
appropriateness of such linearization must always be examined before
the use of analytical tools developed in this work. Other key assumptions
behind this work include temperature-independent thermal properties
and uniform convective heat transfer coefficient over each layer.

While this work primarily contributes towards the theoretical un-
derstanding of thermal stability, the results presented here may also be
used for design and optimization of practical engineering systems.
Diffusion-reaction in multilayer geometry occurs commonly, for
example, in Li-ion cells and other reacting systems. Accounting for two-
dimensional heat flow may be important in such cases. The key results
presented here may be useful for predicting whether a particular system
with given properties and other characteristics is stable or not, and to
design systems that offer thermal safety.
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