International Journal of Heat and Mass Transfer 205 (2023) 123919

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier.com/locate/hmt

Analysis of a diffusion-reaction heat transfer problem in a finite n
thickness layer adjoined by a semi-infinite medium

Ankur Jain

Mechanical and Aerospace Engineering Department, University of Texas at Arlington, 500W First St, Rm 211, Arlington, TX 76019, USA

ARTICLE INFO ABSTRACT

Article history:

Received 8 November 2022
Revised 1 January 2023
Accepted 28 January 2023

Multilayer diffusion-reaction problems are of much interest for both heat and mass transfer. While past
work in this direction has mainly addressed multilayer bodies of finite size, practical problems such as
immersion cooling of Li-ion cells and thermal runaway in semiconductor devices necessitate considering
one of the layers to be semi-infinite. This work presents theoretical analysis of a diffusion-reaction prob-
lem in a finite layer surrounded by an infinite medium on both sides, where heat generation proportional
to the local temperature occurs in the finite layer. Transient temperature distributions in the two bodies
are determined using Laplace transformation technique. Through analysis of the poles of the solution in
the Laplace domain, it is proved that this problem is unconditionally unstable, in that temperature in the
finite thickness layer is predicted to always diverge at large times. However, the time taken to reach the
unstable regime is shown to depend strongly on the key non-dimensional parameters of the problem.
Temperature in the finite layer is shown to exhibit non-monotonic behavior at small times, particularly
for large values of the heat generation coefficient, which is explained on the basis of the balance be-
tween temperature-dependent heat generation, heat dissipation into the semi-infinite medium and even-
tual slowdown of heat dissipation due to temperature rise. The impact of thermal properties on thermal
behavior of the system is examined. A practical problem related to thermal safety design of a Li-ion cell
is solved. Results from this work expand the state-of-the-art in theoretical analysis of diffusion-reaction
problems, and also offer practical tools for thermal design of engineering problems including Li-ion cells
and semiconductor devices.
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1. Introduction

Heat transfer in multilayer bodies is of much theoretical and
practical interest in a variety of engineering problems, including
thermal property measurements [1,2], thermal management [3],
building insulation [4], thin films [5] and structural engineering
[6]. Theoretical analysis of one-dimensional diffusion-based trans-
port in a multilayer body of finite thickness is usually carried
out using the separation of variables method [7], wherein the
quasi-orthogonality of eigenfunctions [8] plays a key role. Prob-
lems with complications such as time-dependent [9] or spatially-
varying [10] boundary conditions have also been solved using vari-
ants of this technique. A combination of separation of variables and
Laplace transformation techniques has also been used [11]. A num-
ber of numerical techniques have also been used for solving mul-
tilayer thermal conduction problems [12,13].

Diffusion-reaction problems form an important subset of mul-
tilayer thermal conduction problems. Such problems are rele-
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vant when temperature-dependent heat generation occurs in one
or more layers, for example, Arrhenius heat generation due to
chemical reaction in Li-ion cells [14], and Joule heating in a
Metal-Oxide-Semiconductor Field-Effect Transistor (MOSFET) with
temperature-dependent current characteristics [15]. In the context
of mass transfer, reactions that generate or consume species also
result in a diffusion-reaction problem [16,17]. In such cases, lin-
earization of the generation term results in an additional term
in the energy/species conservation equation, requiring somewhat
more complicated analysis. Multilayer diffusion-reaction problems
have been solved using the separation of variables method, where
quasi-orthogonality of eigenfunctions has been shown to be un-
affected by the generation term [18]. More complicated problems,
such as multilayer convection-diffusion-reaction (CDR) problems
have also been solved [19].

Convergence and stability are of much importance in diffusion-
reaction problems due to the positive feedback between temper-
ature rise and heat generation. In short, heat generation results
in temperature rise, which, due to the temperature-dependent
heat generation term, results in greater heat generation and fur-
ther temperature rise. In the absence of sufficient heat dissipa-
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Nomenclature
k thermal conductivity (Wm~1K-1)
L half thickness of the finite layer (m)
T temperature (K)
X spatial coordinate (m)
t time (s)
o thermal diffusivity (m2s—1)
oy non-dimensional thermal diffusivity, &, = z—f
ky non-dimensional thermal conductivity, k, = %
T non-dimensional time, T = %t
0; non-dimensional temperature, 6; = TT":% (i=1, 2)
m
0; Laplace transform of temperature (i=1, 2)
& non-dimensional spatial coordinate, & = ¥
Subscripts
0 ambient
1 finite layer
2 semi-infinite medium
max maximum value
in initial

tion driven by diffusion within the body and convection on the
boundaries, this may lead to a thermal runaway situation, as is
well-known to occur in Li-ion cells [14] and in MOSFET devices
[20]. Analytical solutions for specific thermal runaway problems
are available [14,21]. It has been shown that one or more eigenval-
ues in a multilayer finite-thickness diffusion-reaction problem may
be imaginary [18,22], which leads to divergence in temperature at
large times. Closed-form expressions for the threshold conditions
for thermal runaway to occur [14,18], as well as the number of
imaginary eigenvalues [22] have been derived.

The literature discussed above mostly addresses the diffusion-
reaction problem in finite bodies. In contrast, diffusion-reaction
may also be of interest when a finite thickness body is surrounded
by an infinite external medium, as shown schematically in Fig. 1(a).
In case heat generation in a finite thickness body is temperature-
dependent, it is unclear whether heat dissipation into the infinite
medium may be sufficient to prevent thermal runaway. One prac-
tical problem where such a scenario may be encountered is in the
cooling of a thin prismatic Li-ion cell immersed in a large station-
ary fluid, where heat generation in the cell due to decomposition
reactions may be approximated, to the first degree, by a heat gen-
eration term that rises linearly with temperature [14]. Another rel-
evant example is related to heat dissipation from a thin MOSFET
into the surrounding substrate [20]. In this case, heat generation
in the MOSFET can increase with increasing temperature due to
temperature-dependent current characteristics [15]. The substrate
is located on only one side of the MOSFET in traditional semi-
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Fig. 1. Schematics showing (a) the geometry of a finite body of thickness 2L in an
infinite medium; (b) details of the half-geometry considered in this work based on
symmetry.
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conductor devices, whereas, more recently, 3D integrated circuits
(3D ICs) [23], particularly monolithic 3D ICs [24], result in the sub-
strate being on both sides of the MOSFET. In both of the examples
cited above, it is of interest to determine whether the temperature
field diverges at large times or not. Interesting physical phenomena
that occur in such a problem include heat generation in the finite
body, which is expected to increases as the finite body gets hotter
and cooling due to conduction into the infinite medium, which is
expected to slow down over time due to temperature rise in the
semi-infinite medium.

A robust mathematical model is needed for developing a fun-
damental understanding of these phenomena and their trade-offs
with each other. While much work already exists on analysis of
diffusion-reaction problems in finite multilayer bodies, there is a
lack of work in scenarios where one of the bodies is semi-infinitely
large. The limited work available on heat transfer between a fi-
nite layer and a semi-infinite medium [7,25] mostly presents only
pure-diffusion analysis, which does not account for temperature-
dependent heat generation. The usual separation of variables tech-
nique that has been used successfully for finite thickness prob-
lems cannot be used in this case since the quasi-orthogonality of
eigenfunctions is not valid in a semi-infinite geometry. An alternate
technique is needed for addressing the important questions posed
above.

This work presents a Laplace transforms based analysis of a
two-layer diffusion-reaction problem, in which, a finite layer with
temperature-dependent heat generation is adjoined by a semi-
infinite body. A solution for the problem is derived in the Laplace
domain, which is then inverted numerically. Analysis of the poles
of the solution in Laplace domain is carried out to prove that this
problem is unconditionally unstable. Results are shown to correctly
reduce to past work for the special case of a pure-diffusion prob-
lem. Results are also shown to be in good agreement with finite-
element simulations. The dependence of the nature of the temper-
ature field on the rate of change of heat generation with temper-
ature as well as other problem parameters such as thermal prop-
erties is investigated. Applications of these results exist in stability
analysis of Li-ion cells and semiconductor devices.

2. Problem definition

Fig. 1(a) presents a schematic of the problem under considera-
tion here. A one-dimensional body of thickness 2L is submerged in
an infinitely large, stationary medium on both sides. Internal heat
generation occurs within the finite body at a rate that is propor-
tional to the local temperature. Heat generated in the finite body
is conducted into the infinite medium. The temperature-dependent
heat generation modeled in this problem may represent, for exam-
ple, exothermic heat generation in a Li-ion cell due to electrochem-
ical decomposition reactions, or Joule heating in a semiconduc-
tor MOSFET with a temperature-dependent current, whereas the
infinite medium may represent, for example, a dielectric coolant
fluid in the battery problem, and the Silicon substrate surround-
ing the MOSFET in the semiconductor problem [20]. The semi-
infinite medium is assumed to be stationary, with no convective
heat transfer within. In the context of immersion cooling of a Li-
ion cell, this implies that the coolant fluid is not being circulated.

By symmetry, only one half of the problem may be modeled,
as shown in Fig. 1(b), in which, the geometry comprises a finite
layer of thickness L in contact with a semi-infinite layer. Thermal
conductivity and diffusivity are denoted by k and «, respectively,
and subscripts 1 and 2 denote the finite layer and semi-infinite
medium, respectively. The semi-infinite medium is assumed to be
at ambient temperature Ty initially, while a uniform initial tem-
perature T, (> Typ) is assumed for the finite layer. Perfect thermal
contact between the two is assumed. All properties are assumed
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to be uniform and independent of temperature. Dimensions in the
directions normal to the x direction as shown in Fig. 1(b) are as-
sumed to be large enough to enable treating thermal conduction
to be one-dimensional in nature. Based on these assumptions, the
energy conservation equations that govern the temperature fields
Ti(x,t) and T,(x,t) in the finite layer and semi-infinite medium,
respectively, may be written as follows:

9%Ty T

alw‘*’ﬁln:w (O<x<I) (1)
0°T, 0Ty
®2m T B (x>1) (2)

where, B; > 0 is the linear heat generation coefficient that con-
nects heat generation in the finite layer to the local temperature.

Boundary conditions associated with this problem may be writ-
ten as follows:

Ty

o =0 (x=0) 3)

h=T (x=1) (4)
oTy 0T,

gy =k%s  x=0 (5)

Tz — TO (X — OO) (6)

Here, Eq. (3) is due to symmetry considerations along the cen-
ter of the finite layer, Eqgs. (4) and (5) model perfect thermal con-
tact and heat flux conservation, respectively, at the interface, and
Eq. (6) arises from the semi-infinite nature of the surrounding
medium.

The initial condition associated with this problem is

=T L=Th (t=0) (7)

3. Derivation of the solution

In order to solve the problem defined by Eqs. (1)-(7), it is help-
ful to carry out a non-dimensionalization first. Doing so reduces
the number of parameters of the problem, helps identify important
non-dimensional groups governing the solution of the problem and
facilitates parametric analysis. The following non-dimensional vari-
ables are introduced:

_Tl—To _Tz—To _X _O[][' - _O[z
Q]_T,-n—TO’QZ_Ti,,—TO’S_L’T_ 2=
I
ky = k% B1 = Bl /oy (8)

Note that ,31 represents the strength of the generation term rel-
ative to the diffusion term. The other two non-dimensional pa-
rameters that appear are the ratios of thermal conductivity and
thermal diffusivity. Based on the non-dimensionalization outlined
above, the following non-dimensional equations and associated
boundary/initial conditions may be written

0%0;  — 06,

ge thfi=50  0<E<D) (9)
926, 1 96,

TSZ = EF E=>1 (10)
06

9 = 0 (=0 (11)
0 =0, E=1 (12)
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00, -+ 06,
f = ZT (é;_ = 1) (13)
01:1; 92:0 (T:O) (15)

It is of interest to solve this non-dimensional problem to in-
vestigate whether heat absorption in the semi-infinite body is able
to keep the temperature of the finite layer from diverging at large
times due to the positive feedback between temperature and heat
generation.

Note that in case both layers are finite in dimension, the result-
ing two-layer diffusion-reaction problem has already been solved
using the separation of variables method, and conditions for di-
vergence have been derived explicitly [18,22]. However, in the
present case, this is not possible due to the semi-infinite nature
of the second body, which precludes the use of an eigenfunction-
based solution. A special case of the present problem with no
temperature-dependent heat generation, which makes this a pure-
diffusion problem, has been solved using Laplace transforms tech-
nique [7]. After deriving a solution for the problem in the Laplace
domain, it has been shown that an analytical inversion results in
a solution comprising error functions. Therefore, the Laplace trans-
forms technique is also used for solving the present problem. In
general, the Laplace transformation involves appropriate integra-
tion of the governing equations over time, which introduces a new
Laplace variable, but removes time dependence, thereby resulting
in significant simplification. This makes it possible to derive an ex-
plicit solution of the problem in the Laplace domain. Laplace trans-
formation technique is commonly used for solving thermal conduc-
tion and other engineering problems [7].

Carrying out Laplace transform of Eqs. (9) and (10) while mak-
ing use of the initial condition given by Eq. (15) results in

0! + B0 =50, -1  (0<E&<1) (16)
oy = >4, E>1) (17)
(%)

where, “represents the Laplace transform, and s is the Laplace vari-
able.
Egs. (16) and (17) can be solved easily as follows:

bi(E.5) = —% 1+ A cos (iE) + Brsin(nE) (0 < <1)
1

(18)

0r(£,5) = Ay exp (v2€) + Ba exp (- 12€)

where, y; =+/B1 —s and y, = \/s/a5.

Based on Laplace transforms of boundary conditions given
by Egs. (11) and (14), B =0 and A, = 0, respectively. Moreover,
using the Laplace transforms of interface conditions given by
Egs. (12) and (13), one may write

¢=>1 (19)

1
¥z +Aqcos (y1) = Baexp (=%2) (20)
1

—y1A1sin (1) = —kay2B2 exp (—12) (21)

Ap and B, may be determined by solving the linear equations given
by Egs. (20) and (21). The subsequent solution for the temperature
fields in the Laplace domain is found to be
4 1 cos (11§)
91(5’5):72 -1 VI of

vi cos (y1) — 2 sin (v1)

) 0<€&<1)

(22)



4 __ xp(pd-§) sin(n) 1) (23
H(£.5) cos () - Z-sin (1) pikoys ¢E>1 (23)

which completes the solution for the problem in the Laplace
domain. For the special case of 51 =0, it can be shown that
Egs. (22) and (23) correctly reduce to the results presented be-
fore for the pure-diffusion problem [7]. While an explicit inversion
was carried out for the pure-diffusion problem, in the present case,
due to the considerable complication in Eqs. (18) and (19) from the
temperature-dependent heat generation term, an explicit inversion
is unlikely to be possible. However, a number of numerical inver-
sion techniques are available [26,27]. In the present work, the de
Hoog quotient difference method algorithm [26] is used to deter-
mine the temperature fields in the two layers.

4. Stability analysis

Due to the presence of both temperature-dependent heat gen-
eration and cooling due to heat dissipation into the semi-infinite
medium, it is unclear without further analysis whether the so-
lution derived in Section 3 results in a stable or unstable tem-
perature distribution. In particular, due to the positive feedback
(B1 > 0) between temperature rise and heat generation rate in
the finite layer, it is of interest to determine if the semi-infinite
medium is able to sufficiently dissipate heat and keep the temper-
ature field 6; (£, t) bounded at large times.

In order to do so, the nature of the solution in the Laplace do-
main, @1 (&, s), is examined. In particular, it is well known from lin-
ear stability theory [28] that a function f(t) diverges at large time
if its Laplace transform f (s) has at least one pole with a positive
real component. Further, a function f(s) = % has a pole of order
1 at s =sg if and only if the following conditions apply [29]: (1)
q(so) =0, (2) q'(so) #0, (3) p(so) #0, and (4) both p and q are
analytic at s = sg.

For the solution derived for 6, (€,s) in Section 3, given by
Eq. (22), one may write
sin (1), cos (11£) — cos (1) (24)
kay1ys Vi

yasin (1)
](2 Y2

Based on these expressions, it is proved in the following sub-
sections that 671 (&, s) satisfies each of the conditions listed above
at at least one point in the range 0 < s < Bl, thus proving the ex-
istence of at least one real positive pole for 6;(&,s). Once this is

p.s) =

q(s) = cos (y1) — (25)

By

—0.2
--—-05 |

1.0
2.0 g
4 |

-5 : : ‘ ‘

0 0.2 0.4 0.6 0.8 1

. 5/31
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established, it clearly follows that temperature distribution in the
finite layer diverges unconditionally at large times.

4.1. Proof that q(s) has at least one root in 0 <s < E

In order to show that q(s) has at least one root in 0 < s < Bl,
the values of g(s) approaching the two ends of this range are

examined. For s — 0+, one may obtain y; — v/B; and y, — 0+
Therefore, q(s) - 1 — \/E%)(/\/E) If B; < m?2/4, this implies that
2 72

q(s) - —oo as s — 0*. On the other hand, at s = Bl, one may ob-
tain y; =0 and y, = \/Bl /@y, and thus, g(s) =1 ats = Bl. Further,
Section 4.1.1 below proves that q(s) is a continuous function in
this range. Since q(s) begins at —oco at the start of the range, be-
comes positive at the end of the range and is a continuous func-
tion throughout, therefore, q(s) must cross the s axis at least once
within this range, i.e., must have at least one root in 0 < s < 51.

This is illustrated in Fig. 2(a), which presents plots of g(s) for
multiple values of 8; with @, = 2.0 and k, = 3.0. In each case, as
expected, q(s) has a large negative value as s — 0 and a value of
1 at the other end of the range, and, therefore, is seen to cross the
X axis in each case.

4.1.1. Proof that q(s) is a continuous function throughout 0 <s < ,31
Clearly, q(s) is well defined in 0 < s < B4, as given by Eq. (25).
Further, at any point s = sy in this range,

. iy > a .. 5 B,
)= s (3 =) < Y2 i (/A5 ) 22 1

(26)
Since the limit of a product of two functions is the product of
the limits of the two functions, and since sy # 0, one may obtain

lim q(s) = cos <,/,31 —so> - {.{—ajsin <,/,31 —so>,/ f—; —1=q(so)
0 2

(27)
This applies for both left and right side limits. Therefore, the

limit of q(s) at any point in 0 <s < B; is equal to its value at that
point. This shows that q(s) is a continuous function in 0 < s < ;.

4.2. Proof that q'(s) # 0 throughout 0 <'s < ,31

By differentiating Eq. (25), one may write

/ sin(y1) | 1sin(y1)+yicos(y1) | yisin(y1)
s) = + = 28
76) 2y, ky 2y1y2 258 (28)
50 ; ; ; ;
i
g (b)
45 -
\ ay =20 _
i Fr =30 A
~3n §=05 —0.2
& ‘\ --=-0.5
= \. 1.0
200N 2.0
T et o
o i 1 L L
0 0.2 0.4 0.6 0.8 1

Fig. 2. Plots of functions (a) q(s), and (b) p(.s) for multiple values of B;. Problem parameters are @, = 2, k, =3. For p(s), & = 0.5 is used.
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Fig. 3. Plot of o (§,s) as a function of s in the range 0 <s < By for multiple values
of ;. Other problem parameters are &, = 2, k, =3, £ = 0.5.

Now, for 51 < mw?2/4, each of the terms in Eq. (28) above are
positive, and, therefore, q'(s) is positive throughout the range 0 <

S<,31.

4.3. Proof that p(s) # 0 throughout 0 < s < 51

As s > 0%, y; > /B; and y, — 0+. At the other end of the

range, at S:Bl, y1=0 and y, = \/51/072. Both y; and y, re-
main positive in this range. Further, sin(y;) > 0 if ,31 < 2/4, since
Y1 < \/E . Therefore, the first term in the expression for p(s) given
by Eq. (24) is positive. As for the remaining two terms, from
the above conditions, y; < /2, and, therefore, cos(y;1£€) > cos(y1),
since £ < 1 in the finite layer and cosine is a decreasing function
between 0 and /2. Therefore, the sum of second and third terms
in Eq. (24) is also positive. Therefore, it follows that p(s) is positive
throughout 0 < s < B; for all values of & < 1, if B; < w2/4.

This result is illustrated in Fig. 2(b), which presents plots of
p(&,s) for multiple values of By, with @ =2, ky =3, £ =0.5.
These plots show that for each value of B; considered in this Fig-
ure, p(€,s) remains positive throughout 0 < s < Bl, as established
by the proof above.

1.05 '
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0.75 : :
0 0.05 0.1
T

International Journal of Heat and Mass Transfer 205 (2023) 123919

4.4. Proof that p(s) and q(s) are both analytic throughout 0 <s < ,31

Both p and q comprise functions that are individually ana-
lytic. Therefore, p and q are also analytic in the range considered
here.

Taken together, the proofs presented above establish that the fi-
nite layer temperature in the Laplace domain, él (€,5), has at least
one real positive pole of order 1 when ,31 < 12 /4. Therefore, the
temperature distribution in the finite layer diverges at large times,
and the problem considered in this work is unconditionally unsta-
ble.

Note that each proof in Sections 4.1-4.3 is valid only for
51 < m2/4. It can be argued that if the problem is uncondition-
ally unstable in this range, then increasing 8; beyond m2/4 will
not remove the instability since a larger 51 results in an even
stronger positive feedback between heat generation and temper-
ature, thereby moving the problem even more towards instabil-
ity. Therefore, while proved specifically for Bl < m?2/4, the con-
clusion of unconditional instability is true for all positive values
of Bl'

As an illustration, Fig. 3 plots 61(£,s) as a function of s for
£=0.5, @ =2.0 and k, = 3.0 for four different values of S;. It
is found that in each case, the function exhibits a pole at a pos-
itive value of s smaller than B;, as predicted by the proofs dis-
cussed above. Further, the locations of the poles for the four curves
in Fig. 3 correspond exactly with the zeroes of the corresponding
plots of g(s) shown in Fig. 2(a).

Note that the derivation presented in this section does not place
any limitations on the other two parameters of the problem, &,
and ks, or on the location & within the finite layer. Therefore, the
results are valid everywhere in the finite layer and for all values of
thermal properties of the materials.

5. Results and discussion
5.1. Comparison with past work and numerical simulations

The present work generalizes past work on pure diffusion anal-
ysis in a stack of a finite thickness layer and a semi-infinite
medium [7] by accounting for temperature-dependent heat gen-
eration in the finite layer. Therefore, it is instructive to com-
pare results from the present work with pure-diffusion results.
This comparison is presented in Fig. 4, where Fig. 4(a) presents
a plot of temperature at £ =0.5 in the center of the finite

0.45

\~\ —
N, ﬁl
04l N o (b).
N :
B N 0.2
035 @ =20 \ —0.1 1
- &
i ks = 3.0 N - —0.01
T 03t TN 1
- s
\,\g 0.25F
= 02}
0.15+ Pure-diffusion —
result [7]
0.1 : ‘ : )
0 0.5 1 15 2 2.5

3

Fig. 4. Verification of the solution technique: (a) temperature at the center of finite layer as a function of time, and (b) temperature distribution at T = 2.0. In both cases,
curves corresponding to multiple values of B; based on the present work are plotted. For comparison, pure-diffusion results from past work [7] are also plotted. Problem

parameters are @, = 2, k; = 3.
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Fig. 5. Comparison with finite-element simulations: (a) Temperature distributions at multiple times, and (b) temperature at two locations as functions of time calculated
using the present work for &, = 1.5, k; = 2.4, 1 = 0.4. Results from a finite-element simulation are also presented for comparison.

layer as a function of time, and Fig. 4(b) presents a plot of
temperature distribution in both layers at T = 0.1. In each case,
curves for multiple values of ,31 are presented, and the pure-
diffusion curve based on past work [7] is also presented for
comparison.

Fig. 4(a) shows greater temperature rise over time with increas-
ing value of B, which is consistent with expectations, since in-
creasing 51 results in increased heat generation and thus greater
temperature rise. As the value of B; reduces, Fig. 4(a) shows that
the temperature curves from the present work approach the pure-
diffusion curve, as expected. For B; = 0.01, the curves from the
present work and past work are nearly identical. The temperature
distributions in both layers at a specific time presented in Fig. 4(b)
show, consistent with Fig. 4(a), greater temperature rise with in-
creasing ,31. Further, the temperature rise is always greater in the
finite layer, which is also consistent with heat generation occur-
ring in the finite thickness layer. Similar to Fig. 4(a), curves based
on the present work in Fig. 4(b) approach the pure diffusion curve
from past work as the value of 8; reduces. This shows that results
from the present work correctly reduce to pure-diffusion results as
the value of 8; reduces to zero.

In addition to comparison with past work for a special case, re-
sults from the present work are also compared with finite-element
numerical simulations carried out in ANSYS. For this purpose, a
one-dimensional geometry is modeled and discretized. The semi-
infinite medium is simulated by considering a long enough geom-
etry such that the temperature at the other end of the geometry
can be verified to always remain close to zero within the simulated
time period. Temperature-dependent heat generation in the finite
layer is simulated using a user-defined function. All other aspects
of the simulation are chosen to be identical to the assumptions
outlined in Section 2. Grid and timestep independence of simula-
tions is confirmed by continuing to refine the mesh and time step
until further refinement does not result in significant change in
the predicted temperature field. Comparison between the analyti-
cal model and finite-element simulations is carried out in terms of
temperature distributions at multiple times in Fig. 5(a), and tem-
peratures at multiple locations as functions of time in Fig. 5(b).
Problem parameters are ,31 =0.4, @ = 1.5 and ky = 2.4. Both plots
show excellent agreement between the present work and numeri-
cal simulations over the entire geometry and throughout the time
duration. The worst-case deviation between the two is found to
be 1.3%, which is quite reasonable. The small deviation may arise
from computational error in finite-element simulations as well as
computations in the present work.

5.2. Evolution of temperature field with time

It is of interest to predict how the temperature field in the fi-
nite layer changes over time. In particular, whether the tempera-
ture field converges or diverges at large time is of much practical
interest for safety design. In this case, evolution of the temperature
field is governed by several physical processes that occur in paral-
lel with each other. Firstly, heat generation within the finite layer
occurs proportional to the local temperature, and, therefore, as the
local temperature rises/falls, so does the heat generation rate. Fur-
ther, heat diffuses within the finite layer towards the semi-infinite
medium, and is then conducted into the semi-infinite medium at
the interface. Further diffusion within the semi-infinite medium
may increase the temperature of the semi-infinite medium, par-
ticularly close to the interface, with increasing time. This implies
that the rate of heat removal by the semi-infinite medium may re-
duce over time due to diminished temperature difference between
the two layers. In order to highlight the interplay between these
various processes going on in this problem, temperature at £ = 0.5
in the finite layer is plotted as a function of time for two different
values of B; in Fig. 6(a) and Fig. 6(b), while holding other param-
eters constant. For a relatively small value of 51, implying weak
connection between heat generation rate and temperature rise,
Fig. 6(a), particularly the inset within the plot, shows that temper-
ature in the finite layer decreases at first. This is because at early
times, temperature evolution is dominated by diffusion towards
the semi-infinite medium, while heat generation is still quite low
due to the small value of Bl. In some time, however, the tempera-
ture reaches a minima (see inset of Fig. 6(a)), which is when heat
removal into the semi-infinite medium has saturated, due to tem-
perature rise in the semi-infinite medium, and, afterwards, heat
generation within the finite layer slowly begins to become more
and more significant in comparison. This results in slow tempera-
ture rise past the minima in Fig. 6(a). Over some time, significant
temperature rise has occurred within the finite layer due to the
increasing dominance of heat generation over diffusion. Due to the
positive feedback between temperature and heat generation, even-
tually, the temperature curve diverges, even though it may occur
after considerable time due to the relatively small value of ,31. Such
divergence even for small Bl is consistent with the unconditionally
unstable nature of this problem, as proved in Section 4.

For comparison, a similar temperature curve is also plotted in
Fig. 6(b) for a relatively larger value of $8; = 2.0. An inset of the
temperature curve at very small times is also shown. Fig. 6(b)
shows interesting changes in the temperature curve, particularly
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at very small times. It is seen, particularly in the inset, that the
temperature rises for a short time to reach a local maxima, then
start going down to reach a minima, and then begins to mono-
tonically rise and eventually diverge. This interesting behavior of
the temperature curve may be explained on the basis of the bal-
ance between diffusion, heat removal and the diminishing role of
the semi-infinite medium over time. At very early times, the ther-
mal diffusion wave from the center of the finite layer has not yet
reached the interface, and, therefore, the semi-infinite medium has
very little influence. On the other hand, since the value of B; is
relatively large, therefore, heat generation dominates at very early
times, which explains the first peak in the inset in Fig. 6(b). Once
diffusion reaches the interface, some heat removal begins to oc-
cur, which results in reduction in temperature for a small time
beyond the maxima. However, since B1 is so large, this reduc-
tion in temperature is short-lived, and heat generation soon be-
gins to dominate the dynamics of this problem once more. The
slowdown in heat removal into the semi-infinite medium due to
its own temperature rise also likely contributes towards this phe-
nomenon. Eventually, similar to the first case presented in Fig. 6(a),
there is a divergence in the temperature curve for this case as well,
although the divergence in the present case occurs at a much ear-
lier time than the first case. This is explained on the basis of the
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much larger value of 31 in the second case, which results in a
lot more aggressive increase in heat generation rate with temper-
ature, resulting in divergence much earlier due to the strong posi-
tive feedback.

Fig. 7 presents temperature distributions within the finite thick-
ness layer and semi-infinite medium at multiple times for the
two cases considered above. The Bl = 0.2 curves presented in
Fig. 7(a) show a reduction in the temperature field first at early
times, followed by slow increase in the temperature field over
time, eventually leading to divergence at large time. In contrast,
with B; = 2.0, the temperature field diverges much faster, and
at each time plotted here, the finite layer is much hotter than
the semi-infinite medium, compared to the ,31 = 0.2 case. In each
of the cases plotted in Fig. 7(a) and Fig. 7(b), the temperature
curve is flat at £ =0, consistent with symmetry considerations,
and the temperature field in the semi-infinite medium far away
from the interface approaches zero, also consistent with the semi-
infinite nature of the medium. There is continuity of the temper-
ature field at the interface, but the slopes are different, which
is due to the different values of thermal conductivity of the two
materials.

The proof presented in Section 4 establishes unconditional in-
stability of this problem regardless of how small B, is, as long as

12

Fig. 7. Evolution of temperature distribution in the two layers at multiple times for a representative problem with &, = 2, k, =3. Plots are presented for (a) 51 =0.2 and (b)

B =2.0.
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Bl > 0. The divergence predicted by the proof is seen for both val-
ues of 31 presented in Figs. 6 and 7. However, it is important to
note that such divergence occurs over very different time periods,
depending on the value of Bl. Since practical heat-generating pro-
cesses occur only for a specific time period, therefore, the tem-
perature field in a practical device may remain bounded within
the time period of interest, despite the unconditional instability at
large times proved here.

5.3. Impact of heat generation coefficient

Since the heat generation coefficient ,31 is an important param-
eter in this problem, further investigation of the effect of 8; on
the temperature distribution is carried out. In practical problems,
B1 is determined on the basis of the physical processes respon-
sible for temperature-dependent heat generation. For example, in
the case of a Li-ion cell, chemical decomposition reactions within
the cell generate heat, and the nature of these reactions helps de-
termine the value of 51 [14,30]. As another example, in the case
of thermal runaway in a MOSFET, the strength of the underlying
temperature dependence of current can be used to determine Bl
[15]. Such practical problems are also often governed by a specific
time interval of interest, which in these examples may be the to-
tal charge/discharge time for a Li-ion cell or the pulse width of the
MOSFET, respectively. Further, each of these devices are character-
ized by a maximum tolerable temperature, on the basis of perfor-
mance, safety and reliability considerations. Therefore, it is of in-
terest to examine the interplay between ,31 and the operating pa-
rameters outlined above.

Fig. 8(a) plots the temperature at the center of the finite layer
(§=0.5) at the end of a particular time period, T=2.0, as a func-
tion of time heat generation coefficient ;. As expected, there is a
strong dependence of the temperature rise on ,31. In general, there
is small temperature rise for low values of 1, but the temperature
increases exponentially for larger values. The strong dependence
shown by Fig. 8(a) highlights the importance of keeping ,31 as low
as possible in practical systems in order to minimize the risk of
thermal runaway.

Note that Fig. 8(a) is plotted at a specific time, whereas, it is
possible that the total time interval of practical systems may be
governed by other considerations. Therefore, the time taken for
temperature at the center of the finite layer to reach a threshold
value, say, Omax = 3 is calculated as a function of 31. If the actual
time period of the process is lower than this calculated thresh-

old, then the layer temperature will stay below 64, whereas,
the actual time period being greater would indicate unacceptably
large temperature rise within the process. This plot is presented
in Fig. 8(b), which indicates a rapid increase in the time taken to
reach Opmgx as Bl reduces. This indicates the capability to withstand
the temperature-dependent heat generation for longer and longer
time as ,3_1 decreases, which is along expected lines. The time taken
to reach Opgx is extremely large for sufficiently small values of
B1. even though, Section 4 shows that the system is unstable for
any positive Bl. Therefore, depending on how long an actual pro-
cess lasts and the maximum temperature that can be tolerated, the
system can still survive, despite the unconditional instability. Note
that due to the sharp increase in the time taken to reach Opngy at
small values of Bl, a plot is provided as an inset in order to show
this curve between B; =1 and B; = 4, which shows, as expected a
continued reduction in time taken to reach Opmey as B; increases.
In some applications, the average temperature of the finite layer
may also be of interest. Fig. 9 plots this quantity as a function of
time for different values of 31, with other parameters held con-
stant at @, = 2.0 and k, = 3.0. Since the temperature field diverges
for these cases, the plot is cut off at a maximum temperature value
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Fig. 9. Effect of heat generation coefficient: Average temperature in the finite thick-
ness layer as a function of T at multiple values of 8;. Other problem parameters are
oy =2, ky =3.
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of 20. Fig. 9 shows that the average temperature of the finite layer
always diverges, although for small values of Bl, divergence is rela-
tively slow and the rapid rise in temperature is preceded by a long
period in which temperature does not change much. In contrast,
for larger values of ,31, such as Bl = 2.0, the average temperature
begins to go up almost immediately and rises very rapidly. The
time taken to reach a temperature value of 20 is about 57 times
larger for B; = 2.0 than for §; = 0.2.

5.4. Effect of thermal properties

Thermal properties of the two materials clearly play an impor-
tant role in determining the nature of the temperature distribution.
Of particular interest is the thermal conductivity and thermal dif-
fusivity of the semi-infinite medium, relative to the finite layer. For
example, a number of materials are available for cooling of a Li-ion
cell, and it is important to benchmark the thermal performance
of candidate materials. Fig. 10(a) and Fig. 10(b) present curves for
temperature at £=0.5 in the finite layer as a function of time
for different values of k, and &, respectively, while other ther-
mal properties are held constant. Results indicate strong influence
of both k, and @&, on temperature distribution. As k, increases,
Fig. 10(a) shows that temperature rise in the finite layer becomes
smaller and smaller. Even though each curve is expected to diverge
eventually, in practical problems, the lower rate of growth of tem-
perature for large k, implies greater time window available for the
heat generation process (such as discharge of a Li-ion cell or oper-
ation of a MOSFET device) to complete. The strong dependence of
temperature on k; is not surprising, since k;, is the primary ther-
mal property that governs interfacial heat transfer from the finite
layer into the semi-infinite medium, per Eq. (13). On the other
hand, Fig. 10(b) shows that increasing &, results in greater tem-
perature rise. This is because a larger value of &, while holding k,
constant, is equivalent to lower volumetric heat capacity, which re-
sults in greater temperature rise in the semi-infinite medium, thus
lower heat removed from the finite layer and, therefore, greater
temperature rise in the finite layer. Note that in practical materials,
thermal conductivity and diffusivity usually both rise/fall together,
which is why, it may be more appropriate to carry out such anal-
ysis while letting both properties vary. This has been presented in
the next sub-section for materials of practical interest.

5.5. Practical design guidelines

The theoretical results presented in this work can be helpful
in the design and optimization of practical engineering systems.

For example, it is of interest to determine BLmax, the highest heat
generation coefficient that can be tolerated over a time interval
Trorqr Without the peak temperature exceeding a desired threshold.
This problem is first addressed in non-dimensional form in order
to produce universal design curves, and then applied to a specific
practical problem related to thermal design of Li-ion cells.

Fig. 11 plots B],max as a function of 7, the total time taken by
the process for given thermal properties (&, = 2.0, k, = 3.0). Plots
are presented for four different values of the peak temperature
Omax. Fig. 11 shows that the larger the value of 7,y i.e., the longer
the heat generation occurs, the larger is the risk of exceeding Omax,
and, therefore, the smaller is the maximum heat generation coeffi-
cient that can be tolerated. However, in each case shown in Fig. 11,
there is a plateau effect, in that there is a sharp reduction in 81 pax
when 7,y is small, but for larger values, the impact on BLmax is
much less significant. Fig. 11 also shows that the larger the value of
Omax, the larger is the value of BLma,{. A large value of 64y allows
a relaxed thermal design, since a large temperature peak can be
tolerated. Therefore, a larger value of Bl_max can be accommodated
compared to when 6,4 is small, in which case, even small ,31,max
can cause sufficient temperature rise to exceed the threshold.

10

Ttotal

Fig. 11. Maximum heat generation coefficient Bl in order to keep the peak tem-
perature below a threshold 6. as a function of time duration of heat genera-
tion. Curves are plotted for several values of Opmq. Other parameters are &, = 2.0,
ky =3.0.
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Fig. 11 is presented in completely non-dimensional form to fa-
cilitate its use as a universal design tool for any general system
regardless of specific dimensions or thermal properties. The use of
plots similar to Fig. 11 for solving a practical engineering problem
is illustrated in the context of a prismatic Li-ion cell being cooled
in a large surrounding ambient. In order to prevent thermal run-
away of a Li-ion cell, the cell temperature is required to be main-
tained below a certain threshold [14,31]. This requires effective
dissipation of heat generated within the cell due to temperature-
dependent decomposition reactions.

In the context of a Li-ion cell, the C-rate, also known as dis-
charge rate characterizes the time duration of a discharge process
[32]. The C-rate of a discharge process is defined as the reciprocal
of the number of hours taken for the process to completely dis-
charge the cell, starting from a fully charged cell [32]. For exam-
ple, C-rates of 1C and 4C correspond to a total discharge time of
1 h and 0.25 h, respectively. Starting from an initial temperature
of the cell, it is of interest to determine if, for a given C-rate of the
discharge process, the cell temperature will exceed the threshold
temperature before the process is complete. If the threshold tem-
perature is not exceeded before the process is complete, the cell
will not undergo thermal runaway despite the unconditional insta-
bility of the process proved in Section 4 above, because once the
process is complete, there is no longer any heat generation and the
cell can begin to cool down.

Two specific questions related to diffusion-reaction heat trans-
fer in a discharging Li-ion cell surrounded by a large medium are
answered using the model. Firstly, the performance of three differ-
ent materials around the Li-ion cell is characterized and compared.
For a 10 mm thickness cell initially at 330 K with an ambient
temperature of 300 K, the maximum value of heat generation coef-
ficient, B1 mqx is computed for different C-rates. Three different ma-
terials around the cell - FC72, which is a dielectric fluid [33], water
and Aluminum - are considered. While FC72 and water may be
used for immersion cooling, in some applications, the cell is pack-
aged within an Aluminum matrix. Thermal properties of the Li-ion
cell are taken from past measurements on an 18650 cell [34,35].
Standard thermal properties are assumed for water and Aluminum.
Properties for FC72 are obtained from manufacturer datasheet [33].

Results pertaining to this materials comparison are presented
in Fig. 12(a) and Fig. 12(b). These data show significant difference
in thermal performance of the device depending on the nature of
the medium around the cell. In case of FC72, due to its relatively
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poor thermal properties, the maximum tolerable value of B e
is quite small. Due to superior thermal properties, water performs
better and Aluminum even better. As expected, the greater the dis-
charge rate, i.e,, shorter the time duration of the discharge pro-
cess, and therefore, the greater is the value of B n that can be
targeted without exceeding the threshold temperature. Fig. 12(b)
shows, as expected, that for a given coolant material, as the dis-
charge goes up, the maximum tolerable value of heat generation
also goes up. Further, as the threshold temperature becomes more
and more stringent, the maximum tolerable value of heat genera-
tion reduces. Note that for thermal properties corresponding to a
Li-ion cell [34,35], a value of B e = 0.01 s~! corresponds to a
dQ’”/dT value of around 16,500 Wm—3K~!, where Q’” is the volu-
metric heat generation rate.

6. Conclusions

The key contributions of this work include the development of
a theoretical model for understanding multilayer diffusion-reaction
in a problem where one layer is finite and the other is semi-
infinite, as is commonly encountered in battery cooling, MOSFET
device thermal performance and related problems. The theoretical
proof of unconditional instability of this problem presented here
contributes towards extending the state-of-the-art in the theory of
thermal stability, particularly since there is only limited literature
on thermal stability analysis using the Laplace solution [36].

While these theoretical results indicate that this problem is,
in principle, unconditionally unstable, results also indicate that
the temperature of the finite layer may actually reduce for some
time before diverging. It is also shown that the time taken for di-
vergence may be quite large under certain conditions, for exam-
ple when the heat generation coefficient is small. Therefore, de-
spite the unconditionally unstable nature of the problem, practical
diffusion-reaction processes may still remain within a reasonable
thermal envelope if the time duration of the process is reasonably
short.

Non-dimensional curves, such as those presented in Fig. 11 may
serve as universal design tools, regardless of the specific values of
dimensions and other parameters of a specific problem, and, there-
fore, may be used for a wide variety of applications. One specific
application discussed in this work - cooling of a Li-ion cell during
discharge - may be of particular relevance for ensuring safe elec-
trochemical energy conversion and storage.
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It is important to recognize the key limitations and assumptions
underlying the present work. The heat generation phenomenon has
been linearized, as is commonly the case for first-order analysis
[14,18,19]. All thermal properties are assumed to remain constant,
despite change in temperature. Natural convection heat transfer
or any other fluid flow in the surrounding medium has been ne-
glected. In case the surrounding medium is a fluid, it is important
to confirm the validity of this assumption by confirming that the
governing Rayleigh number is sufficiently small.
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