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Theoretical analysis of transient thermal conduction in a two-dimensional multilayer structure has been
limited to problems with isothermal or adiabatic boundary conditions along the walls normal to the lay-
ered direction. Due to mathematical difficulties pointed out in past work, an analytical solution has not
been possible so far for the general case where each layer has a distinct convective boundary condi-
tion. This work presents an analytical technique to solve this general problem using Laplace transforms
followed by derivation of a sufficient number of linear algebraic equations based on given boundary con-
ditions to determine the coefficients of an eigenfunction-based series solution. This technique makes it
possible to solve the problem when each layer may have a different convective heat transfer coefficient
along the walls normal to the layered direction. Results from this general analysis are shown to correctly
reduce to past work for the special cases of very small or very large Biot number. Good agreement with
specific results presented in a past paper is also demonstrated. The technique is used to investigate the
impact of key dimensionless parameters on the temperature field. This work significantly generalizes past
work that was limited only to adiabatic or isothermal boundary conditions. Results presented here may
help improve the theoretical understanding of multilayer diffusion problems, and make theoretical mod-
els much more representative of realistic conditions.
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1. Introduction

Heat and mass transfer in a multilayer body is of much in-
terest in a broad variety of engineering processes. For example,
heat transfer in multilayer Li-ion cells ultimately determines the
safety and efficiency of the cells [1]. Multilayer heat transfer also
occurs in semiconductor devices/systems [2], atmospheric re-entry
[3], extended surfaces [4] and nuclear engineering [5]. In addition,
multilayer mass transport is also relevant in problems related to
ionic transport in Li-ion cells [6,7] and drug delivery [8].

The theoretical modeling of one-dimensional multilayer diffu-
sion is quite well developed. While complex variables [9] and the
adjoint method [10] have been used for this purpose, the most
common technique is separation of variables with quasi-orthogonal
eigenfunctions [11]. In this technique, an infinite series solution is
written for each layer, and a single set of eigenvalues is derived
by accounting for all boundary and interface conditions. Quasi-
orthogonality of eigenfunctions is utilized for deriving the coef-
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ficients that appear in the series solution [12]. Multilayer prob-
lems with more complicated features, such as spatially-dependent
[13] or time-dependent [14] boundary conditions, convective trans-
port [15], reaction [16], multispecies advection-dispersion [17] and
a large number of layers [18] have also been analyzed in the past.
Imaginary eigenvalues are known to appear in a subset of such
problems, which have been related to divergence of the temper-
ature field at large times [15,16,19].

While one-dimensional analysis is sufficient for a large num-
ber of engineering problems, in some cases, a two- or three-
dimensional analysis is necessitated. Such problems have been an-
alyzed in both steady-state [20] and transient conditions [21-24].
Fig. 1 presents a general schematic of this problem both for an M-
layer body and the special case of a two-layer body. Steady-state
analysis of a two-dimensional multilayer body is, in principle, sim-
ilar to transient analysis of a one-dimensional multilayer body [11].
However, transient analysis of two-dimensional multilayer prob-
lems is a lot more complicated, particularly with general boundary
conditions.

Past literature on multilayer two- or three-dimensional prob-
lems is limited to cases where boundary conditions along the walls
normal to the layered direction are either isothermal or adiabatic
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Nomenclature

Bi Biot number, Bi = T—MM

h convective heat transfer coefficient (Wm~2K-1)
k thermal conductivity (Wm~1K-1) )

k non-dimensional thermal conductivity, kpy = ;j—;‘l
M number of layers

S Laplace variable

T temperature (K)

t time (s)

w half-width of the body in the y direction (m)
w non-dimensional half-width of the body in the y di-

rection, w = %
X,y spatial coordinates (m)

o diffusivity (m2s~1)
o non-dimensional diffusivity, &, = g—l’\"/’
; ; ; ; _ Y. &_
n, & non-dimensional spatial coordinates, n = Fove &=
X
XM
y non-dimensional interface location, y;,; = ;‘—A"/"
T non-dimensional time, T = ‘f(—"z"t
0 non-dimensional temperature, 6, = M
Tref Tamb
0 Laplacian of the temperature field
A non-dimensional eigenvalue in 7 direction
Subscripts
A x=0 boundary
amb ambient
B x=x); boundary
in initial temperature
m layer number
ref reference

[21-24]. For these special cases, it is possible to derive an infinite
series solution with the same set of eigenvalues for each layer,
which can easily satisfy interface conditions. In addition to such
separation of variables based techniques, a technique that uses
Laplace transforms has also been used to analyze such problems
with isothermal or adiabatic boundary conditions [25-27]. How-
ever, the more general case of convective boundary conditions in
the direction normal to the layers presents considerable mathe-
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Fig. 1. Schematic of the two-dimensional multilayer diffusion-reaction problem
considered here: (a) The general M-layer problem, and (b) specific two-layer prob-
lem (M=2). In both cases, each layer has distinct convective heat transfer coefficient
hpn (m=1,2..M) along the walls normal to the layered direction.
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matical difficulty and has explicitly not been solved in past work
[21-24]. For example, past work on transient two-dimensional
multilayer analysis [21,22] has clearly excluded the case where this
boundary condition is not isothermal or adiabatic. When each layer
has unique thermal properties and convective heat transfer coeffi-
cients, such as shown in Fig. 1(a), the separation of variables tech-
nique results in a unique set of eigenvalues for each layer, which
presents an “unconditional mathematical difficulty” [22] by mak-
ing it difficult to satisfy interface conditions. This difficulty does
not arise in the special cases of isothermal or adiabatic boundary
conditions (i.e., Bi — oo or Bi = 0, respectively), for which, solutions
are readily available [21-24].

It is desirable to extend theoretical analysis of thermal conduc-
tion in a two-dimensional multilayer geometry to include general
convective boundary conditions on the walls normal to the layered
direction. Despite the difficulties presented by the general convec-
tive case, as outlined above, such analysis will be more represen-
tative of realistic scenarios, where a convective coefficient is more
appropriate than the extreme isothermal or adiabatic conditions.
Moreover, doing so may advance the state-of-the-art in multilayer
diffusion/reaction analysis by overcoming a known theoretical dif-
ficulty, as acknowledged by past work [21,22]. One possible tech-
nique to solve this general problem is to consider a finite number
of terms in the series solution and then derive a sufficient number
of linear algebraic equations to determine the unknown but finite
number of coefficients. This technique has been used in the past
for solving problems related to thermal conduction in fins [28],
cylinders [29] and multilayer structures [13,30]. In addition, a sim-
ilar technique has recently been used to solve a 2D steady-state
diffusion problem in a locally-isotropic heterogeneous body [31].
Even though considering a finite number of terms in the series so-
lution involves an approximation, doing so is no worse than practi-
cal computation of the infinite series solution, for which also, only
a finite number of terms can be practically considered.

This work analyzes a transient two-dimensional multilayer dif-
fusion problem with general convective boundary conditions along
the surfaces normal to the layered direction. A Laplace transform
is first carried out, followed by a variable transformation. A series
solution for the resulting problem is written using the separation
of variables technique. Finally, a sufficient set of algebraic equa-
tions is derived for determining the coefficients that appear in the
series solution. By doing so, an explicit solution for the problem is
derived, despite unequal thermal properties and general convective
coefficients in each layer. This represents a significant generaliza-
tion of past results that were limited only to adiabatic or isother-
mal conditions. Results from the present work are shown to cor-
rectly reduce to past results for various special cases. The general-
ization to convective conditions offered by the present technique
helps improve the theoretical understanding of multilayer diffu-
sion, and makes theoretical models much more representative of
realistic conditions.

Section 2 defines the problem addressed in this work, as well
as non-dimensionalization scheme. Results for the general two-
dimensional M-layer case are presented in Section 3, followed by
the special case of a two-layer body. A discussion of key results,
including verification of results and comparison with past work is
presented in Section 4.

2. Mathematical modeling
2.1. Problem definition for general M-layer case

Consider the transient diffusion problem in a two-dimensional
M-layer body of width 2w and thicknesses x; —x,,_1 for each

layer, m=1,2..M, as shown in Fig. 1(a). Isotropic thermal conduc-
tivity and diffusivity of each layer is k; and ap, respectively. Ad-
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jacent layers are assumed to be in perfect thermal contact with
each other. All properties are assumed to be independent of tem-
perature. The top and bottom boundaries of the geometry are char-
acterized with convective heat transfer coefficients hy and hg, re-
spectively, as shown in Fig. 1(a). Both side walls of each layer are
characterized by a general convective heat transfer coefficient hp,
m=1,2..M. Each layer in the body is at an initial non-zero and uni-
form temperature Ti, ,,, and the interest is in determining the evo-
lution of the temperature distribution in each layer as a function
of time.

The problem defined here is a generalization of past papers on
thermal conduction in two-dimensional multilayer bodies. For ex-
ample, both Haji-Sheikh & Beck [21] and de Monte [22] consid-
ered only isothermal and adiabatic boundary conditions on the
side walls. In contrast, the present work accounts for the more
general convective boundary condition that was explicitly excluded
in such past work. Moreover, while such papers were limited to a
two-layer body, the present work generalizes the treatment to an
arbitrary number of layers.

Since the problem is symmetric about the center line of the
geometry, it is possible to consider only one half of the problem.
In such a case, the governing energy equation for the temperature
field Ty (%, y,t) in the right half of the geometry is

0T, 0%Ty, 8Tm
am( Ix2 + 2 )= (m 1,2.M) (1)
subject to boundary conditions given by
*kl Ml + hA(Tl amb) =0 (x= 0) (2)
ke 52+ hp (T — Tamp) =0 (x = xn1) (3)
h=0 (y=0) (4)
km L +hm(Tm Tomp) =0 (y=w) (5)

In addition, based on interfacial energy conservation and tem-
perature continuity, the following interface conditions apply for
m=1,2.M-1.

Tn = Tm+1 (X = Xm) (6)

K 2 = k1 T (X = Xm) (7)

A uniform initial temperature is assumed in each layer, i.e.,

To=Tnin (t=0)(m=1,2.M) (8)

2.2. Non-dimensionalization

Before solving this problem with general convective boundary
conditions along the boundary normal to the layered direction (y =
w) given by Eq. (5), a non-dimensionalization is first carried out
based on the following'

— Tn—Tamp -y — aumt Xm
Qm - n’f Tumb - — xm’ T= X2 ’ ym RN
- _ _ am.
w km = k’",Otm = (9)
T"' in—Tgmp haxu ; hpXym ; hnXm
Om.in = Trer—Tamp Big = ky - Bip = ky Bim = km

The non-dimensional set of equations for the temperature field
Om(&, 7, T) is given by

(900 %0\ 90m
—k1 +BlA91 =0 (é = 0) (11)
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SW +Bigy =0 (£=1) (12)
Fn—-0 (n=0) (13)
knm %o+ Binbm =0 (n =W) (14)
On=bn1  (E=yn) (M=1,2.M-1) (15)
km dagm = kst 2 wl (E=ym) m=1,2.M-1) (16)
On =Onin (T =0)(m=1,2.M) (17)

2.3. Laplace transforms based solution technique

In order to derive an expression for the temperature field, a
Laplace transformation of Eqs. (10)-(16) is first carried out. Using
the initial condition given by Eq. (17), the governing equation for
the Laplacian of the temperature field, Om (&, 1) is given by

_ (9%, 920, 5
am(agénJran;") = 5Om — Opin(m=1,2.M — 1) (18)

where s is the Laplace variable.
The applicable boundary and interface conditions are

k%% 4 Biab =0 (E=0) (19)
"aeg +Bigdy =0 (£=1) (20)
Wn—0 (n=0) (m=1,2.M) (21)
kn a1 Bindn=0 (n=wW) (m=12.M) (22)
On=0p1 (E=ym) M=12.M-1) (23)
Knm 3895"7 = Koyt 82"%“ (E=Ym)(Mm=12.M-1) (24)

Solving Eq. (18)-(24) directly is difficult due to the inhomo-
geneity in Eq. (18) as well as the different Biot numbers along the
wall in different layers. In order to proceed, the following transfor-
mation is first made:

ém=¢?m($,n)+ﬁm(n) (25)
By inserting Eq. (25) into Eq. (18), the @y (n) problem may be
defined by
a%—sﬂ — O (m=1,2,3...M) (26)
m dr]z - m m,in — &

Similarly, boundary conditions for i, (1) may be defined as fol-
lows

dam j—
dn — 0

(n=0) (m=1,2.M) (27)

km +Blmum =0 (m=w)(m=1,2..M) (28)

A solution for @i, may be easily derived as follows:

o S Qm,in
I (n) =Cn cosh( /O_lmn> + 5 (29)
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where
_Bimem,in/S

Cn=-=
§ kin\/=sinh(/ZW) + Bin cosh (/W)

The remainder of the problem, (ﬁm (&,n) is then governed by

(30)

&m<a;§zm+aazfﬁ">=S<’3m(m=1’2’3"'M) (31)

subject to

ki aaig‘ + Biap = —Bialh (1) (§ = 0) (32)

Uu 4 Bishy = —Bipii (1) (6 =1) (33)
W _0 (n=0) (M=12.M) (34)

kn %2 1 Bingn =0 (n=w) (m=1,2.M) (35)

G + Um (1) = Pyt + 1 () (E = Ym) (M=1,2.M —1) (36)

I_Cm ‘%m — I_<m+] a(gxgﬂ

The general solution for ¢?m is

E=ym) (M=1,2.M-1) (37)

n=N
bm(E. 1) = Z (Am.n cosh (Wm,n§) + Bm.n sinh (wmn§))
n=1
cos (Aman)(m=1,2,3...M) (38)

Where wmp = /A%, + i

Note that the sine term in the 7 direction is not considered in
Eqg. (38) due to the boundary condition at =0, given by Eq. (34).
Based on the boundary condition at n = w given by Eq. (35), the
eigenvalues An p for the mt layer may be obtained as follows:

km AmnSin (AmaW) — Bim cos (AmaW) =0 (m=1,2.M) (39)

Note that, in general, each layer has a unique set of eigenvalues.

Now, considering the first N terms of the series solution for qgm
a total of 2. N-M coefficients (Amn and Bpn, with m=1,2.M and
n=1,2..N) are unknown. In order to determine these coefficients
and thus complete the solution, a set of 2-N-M linear algebraic
equations are derived based on the boundary and interface condi-
tions given by Eqs. (32), (33), (36), (37). This procedure is described
next.

Inserting Eq. (38) in the boundary condition at £=0 given by
Eq. (32) results in

N
> (~BiaA1.n + k11,4B1.n) €OS (A1.n7) = Bially (1) (40)

n=1
Multiplying Eq. (40) by cos(Aq ,n) and integrating from n =0
to n = w results in
. T . M-/ A
Niw (=BiaA1w + ki1 wBi ) = Bia gcos(kl_nrn)m (mdn(’
=1,2,.,N) (41)

W
Where N, v = f c0s? (A, vn)dn is the norm for each layer. Sim-
5 :

ilarly, inserting Eq. (38) in the boundary condition at £=1 given by
Eq. (33), followed by multiplication by cos(A; ,»77) and integration
from 1 =0 to n = w results in

NM,n’ [ (BiB cosh (wM,n’) + Wy sinh (wM.n’))AM,n’
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+(Bi3 sinh (Wmn) + Ouw cosh (a)M,n’))BM,n’]
w
= ~Big [ cos(hyw )l (m)dn (42)

The heat flux and temperature conditions at each interface are
utilized next. Inserting Eq. (38) into Eq. (37) for each m results in

N
ki Y " @mn(Amn SIND (O nYim)
n=1
+Bm.n cosh (Wm,nYm)) COS(Amnn)
N
= Kkin11 Z Omi1,n(Ams1,n SINN (Omi1,0Yim)
n=1

+Bm1,n €OSh (Wimi1.0¥in)) COS(Ams1.nM) (43)

Multiplying Eq. (43) by cos(A,, ,»n) and integrating from n =0
to n = w results in

I_mem,n’ (A, SInh (Wmw Yin) + B €OSh (W Vi) )N w
N
= ki1 Z Om1,n (Amg1,n SINN (W10 Vm)

n=1
+Bi+1,0 COSD (@my1.0Yim)) 'of €0S(Ams1.n1) €OS (Amwm)dn
(44)

Eq. (44) may be written for each n’=1,2,.N and for each
interface m=1,2,.M -1, and therefore represents a total of
N(M — 1) equations.

Similarly to the procedure above, the temperature interface
condition may be shown to result in the following set of equations
as a result of multiplication by cos(A,,q,%) and integration from
n =0 to n =w along with the use of principle of orthogonality.

N W
E (Am.n cosh (Wmn¥m) + Bmn Sinh (@mn¥Ym)) S €OS(Amn7))
0

n=1
€0S (Ang1,w1)AN = N1 (A1, COSH (@100 Vim)
+Bms1,w SINY (@10 Vi)

47 (i1 () = (1)) €08 Gy, (45)

forn=1,2,, Nand m=1,2, .M—1.

Together, Eqs. (41), (42), (44) and (45) represent 2 -N - M equa-
tions each in an equal number of unknown coefficients Ay, and
Bm.n. Therefore, this set of linear algebraic equations can be solved
to determine these coefficients, which completes the solution of
the problem in the Laplace domain.

Finally, inverse Laplace transformation of the solution, given by
Eq. (25) may be carried out in order to determine the solution
for 6(£,n, 7). Due to the cumbersome nature of the solution in
the Laplace domain, analytical inversion is not likely to be possi-
ble. Instead, several numerical algorithms for numerical inversion
are available, such as Hollenbeck’s algorithm [32], Talbot method
[33] and the Carathéodory-Fejér method as used by Trefethen,
et al. [34]. In the present work, Hollenbeck’s algorithm is used. This
algorithm has been used extensively for inverse Laplace transfor-
mation in past papers [6,35].

Even though the technique used here to solve the problem in
the Laplace domain does not result in explicit expressions for all
the coefficients in the infinite series, the approximation incurred
is no worse than practical computation of the infinite series, for
which also, only a finite number of terms can be practically com-
puted. Similar to such computation, the accuracy of the present
technique can be improved simply by considering a greater num-
ber of terms of the series solution.
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3. Special Case - two-layer body

While the previous section derived the solution for a general
M-layer problem, many practical problems involve only two lay-
ers. Moreover, much of past work on two-dimensional multilayer
heat transfer considers only two-layer bodies [20-22]. Therefore,
this section discusses the special case of a two-layer body, shown
schematically in Fig. 1(b). An analytical solution for this case may
be obtained from the general results of Section 2 by setting M=2.
Further simplifications are also possible for this special case. It can
be shown that the solution in Laplace domain is given by

R 0, - n=N
61(5.1) = G cosh (, / ;n) £ 2 (ncosh (@)

+B1, sinh (wl,né)) cos (A1,n7) (46)

n=N
,(&. 1) = G cosh (vsn) + % + ; (Ag.ncosh (wy (1 —&))

4By n sinh (w30 (1 = §))) cos (Az.n7) (47)
Where
o Bi101.in (48)
s[ki/Z sinh(\/ZW) + Biy cosh (,/ZW)]
¢ — Biz03.in (49)

- s[ﬁsinh (v/sW) + Bi; cosh (JEW)]
Further, By, and B, , are obtained from the solution of the fol-
lowing linear algebraic equations

_ —sinh(w; ;11 y .
Ny ki@ (M/m (n) cos (Aq yn)dn
n
0

+Bi» |:cosh (w1011) + klg)l./:'”sinh(wanyl)])
N

—wan | €0S (A1) €0 (Aq y1)dn

1

o~~—3

n

—sinh(wy (1 —
NZ‘n

) [ i1y (17) €0 (A1)
0

C;?: sinh(a)z,n(l - V1)):|>

(50)

+Byn |:C05h (W2.n(1 = 1)) +

>

o~—~—53

—cosh (w p .
€05 (A1.n17) €05 (A 17)dn ( Ng nl,nyl)/ul )
' 0

n=1
. E1w1n
x €0S (A1,nn)dn + By 5| sinh(wq 1) + Bl.A’ cosh (w1 ny1)
—cosh (@, (1- 1)) F.
=N2<nv( (02w @10) [y co5 1,m)
,n 0

+By.r [ sinh (@2, (1= 71)) + S22 cosh (w2, (1 - m)])

+ [ cos (Ayim) (82(n) — &1 (m))dny (51)

o ~—3
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Finally, A, and A, , are given by

kiwq B 1w
App= LI r () cos(Aqan)dn (52)
Biy Nino
wy B 1 w_
App = 22720 [y (1) cos(Aaam)dn (53)
Big Nano

Setting Bi; and Bi, to infinity reduces the general solution de-
rived here to the one for isothermal conditions derived in past
work.

4. Results and discussion
4.1. Number of terms needed in series solution

It is important to carry out convergence analysis for an infinite
series based solution, such as the one derived in this work. In par-
ticular, it is critical to determine the minimum number of terms, N,
needed to be included in the system of linear equations Eqs. (41),
((42), (44) and (45)) in order to appropriately balance computa-
tional time and accuracy. Towards this, a representative two-layer
problem is solved with different values of N while all other param-
eters are held constant. The problem parameters used for this anal-
ySiS dare BlA =2, BIB =4, Bl] =1, Blz =10 Y1 = 0.5, w=2, k] =4,
&, = 1.8. The initial temperature is assumed to be 1 through-
out each layer in this and all subsequent analysis presented in
this work. Results are presented in Fig. 2, in which temperature
distributions in the & and 5 directions at T =1 are plotted for
different values of N in Fig. 2(a) and 2(b), respectively. Tempera-
ture in the & direction is plotted at n = 1, whereas temperature in
the n direction is plotted at £ = 0.75. Results indicate convergence
of predicted temperature distribution as N increases. In particular,
the predicted temperature distribution in both directions remains
practically the same between N=30 and N=40. Therefore, all cal-
culations in this work are carried out with 30 terms in the series
solution. Note that there is minimal increase in computational cost
between N=30 and N=40 because even a linear system of 40 equa-
tions is relatively straightforward to compute. Therefore, in general,
in this case, it is recommended to include a large number of terms
in order to improve accuracy without significant penalty in terms
of computational cost.

Note that a rigorous mathematical convergence analysis for this
problem is not possible because the coefficients for various terms
are expressed in terms of the solution of a system of linear equa-
tions. Nevertheless, the analysis described above helps estimate
the number of terms needed for reasonable accuracy in the range
of parameters considered here. For other problems in which the
values of these parameters may be very different than ones con-
sidered here, it is recommended to carry out an analysis simi-
lar to one described above. Moreover, given the small incremental
penalty of computational cost, it is recommended not to be con-
servative about the number of terms considered in calculations.

4.2. Comparison with numerical simulations

In order to further establish the accuracy of the theoretical
technique used in this work, results from the present work are
compared against fully numerical simulations for the problem
based on finite-element analysis. For a representative set of param-
eters (Biy =2, Big =4, y; =05, w=2, k; =4, @& = 1.8), Fig. 3(a)
plots temperature distributions in the n direction at & =0.25 at
multiple times. Fig. 3(b) plots the variation of temperature over
time at the centers of the two layers. Curves based on the present
work and numerical simulations are both presented for compari-
son. Note that both layers have a general convective boundary con-
dition, with Bi; = 1 and Bi, = 10 for the wall normal to the layered
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Fig. 2. Effect of number of eigenvalues: (a) 6 vs £ at n =w/2 and 7 =1, (b) 6 vs n at £ =0.75 and t =1. Problem parameters are &;=1.8, k1=4, y1=0.5, w=2, Bi;=1, Bi,=10,

Bi,=2 and Biz=4.
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Fig. 3. Comparison of present work with numerical simulations: (a) 6 vs n at £ =0.25 for multiple times, (b) 6 vs T at the center of layers 1 and 2. Problem parameters are

=18, k=4, y;=0.5, W=2, Bi;=1, Bi,=10, Biy=2 and Biz=4.

direction. Fig. 3 shows excellent agreement between the present
work and numerical simulations, both in terms of spatial and tem-
poral distributions. The worst-case deviation between the two is
found to be less than 1%. As expected, the temperature distribu-
tion decays over time, and the solution based on the theoretical
technique is able to correctly capture the nature of the tempera-
ture solution over time and in space.

Note that the total computation time for calculating the tem-
perature at one specific location and time using the theoretical
technique is estimated to be around 2.5 s, compared to 20.0 s
for the finite-element numerical simulations discussed above. This
comparison is even more favorable for the theoretical technique at
large times, since numerical simulations typically need to march
throughout the entire duration prior to the time of interest. Fur-
ther, the theoretical technique does not require time for geomet-
rical modeling or mesh generation, and provides a more compre-
hensive fundamental understanding of the problem. On the other
hand, the theoretical technique is limited in its capability to handle
complicated geometry and secondary effects such as temperature-
dependent properties, which numerical techniques are usually bet-
ter at. Regardless, it is to be noted that the goal of the present
work is to develop a novel theoretical technique rather than to
compete with numerical methods.

4.3. Comparison with past work

The theoretical model discussed in Section 2 represents a gen-
eralization of past work, in that general convective boundary con-
ditions are considered in the n direction, whereas past work is only
able to account for the limiting cases of isothermal and adiabatic
boundary conditions. Therefore, it is instructive to compare the re-
sults from the present work with past papers for special cases of
isothermal and adiabatic boundary conditions in the n direction.

Two special cases are considered for comparison with past
work. Firstly, for very small values of Bi; and Bi,, thermal con-
duction in the two-layer geometry is expected to become purely
one-dimensional in the & direction, since the initial temperature
distribution is also independent of 7. In such a case, the prob-
lem reduces to a one-dimensional multilayer diffusion problem,
for which, standard analytical solutions based on multilayer quasi-
orthogonality of eigenfunctions is available [11,16]. Therefore, a
comparison of the present work with a one-dimensional multilayer
problem is carried out. For a representative problem with Bis = 2,
Big=2,y, =05 w=2,k; =4, & =1.8,Fig. 4 plots the temper-
ature distribution as a function of £ at T = 0.3 for multiple values
of the Biot number at 1 = w/2, assumed to be the same for both
layers. For comparison, the temperature distribution predicted for a
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Fig. 4. Comparison of present work with past work [16]: 8 vs & at n =w/2 and 7
=0.3 for multiple values of 1 direction Biot number (Bi;=Bi,). Problem parameters
are &1=1.8, k;=4, y1=0.5, w=2, Biy=2 and Biz=2.
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Fig. 5. Comparison of present work with past work [36]: 6 vs & at n =0 and 7=0.8
for multiple values of 7 direction Biot number (Bi;=Bi,). Problem parameters are
a1=1.8, ki=4, 1=0.5, w=2.5, Biy=2 and Big=2.

one-dimensional multilayer problem [16] with the same set of pa-
rameter values is also plotted. As the value of the Biot number at
n = w decreases, Fig. 4 shows that the temperature distribution for
the 2D multilayer problem approaches that for a one-dimensional
multilayer problem. At a value of 0.0001 for the Biot number, the
two curves are practically identical. This shows that the 2D multi-
layer problem solved in this work correctly reduces to a 1D mul-
tilayer form for the special case of small Biot number in the n di-
rection.

A second comparison with past work is carried out for the spe-
cial case where the Biot number in the n direction becomes very
large. In this case, the general convective problem considered in
this work reduces to one in which the boundaries are isothermal.
This problem has been recently solved for a two-dimensional mul-
tilayer geometry [36]. A comparison between the present work and
this past work is carried out for this special case. Problem pa-
rameter values are taken to be Biy =2, Big =2, y; =0.5, w=2.5,
ki =4, @ =1.8 along with an initial condition of 1 throughout
the body. Fig. 5 presents this comparison in terms of temperature
distribution as a function of £ for multiple values of the Biot num-
ber in the 5 direction at 7 = 0.8 and n = 0. As expected, results
from the present work get closer and closer to the isothermal re-
sult from past work as the value of the Biot number increases. For
Bi = 1000, the two curves practically coincide.

The good agreement between the present work and past the-
oretical models for special cases of small and large values of the
Biot number as shown in Figs. 4 and 5 is encouraging.

Further, a comparison of the present work is carried out with
work by de Monte [22] that addressed the two-dimensional two-
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Fig. 6. Comparison of present work with past work [22]: 6 vs n at §=y; for mul-
tiple times. Problem parameters are &;=1, k;=0.25, y;=0.33, w=0.66, Bi;=1000,
Bi,=1000, Bi4=0.75 and Biz=1.5.

layer diffusion problem only for the special case of isothermal or
adiabatic boundary conditions in the 5 direction. This past paper
utilized a separation of variables approach for this transient prob-
lem, due to which, the analysis was limited only to adiabatic or
isothermal boundary conditions, and, in addition, the two layers
were also assumed to have the same thermal diffusivity. While the
present analysis is a lot more general, allowing for general convec-
tive boundary conditions, as well as unequal thermal diffusivities
of the layers, it is instructive to compare the present work with
de Monte [22] for a special case that satisfies the restrictions of
the past work. In order to do so, calculations based on the present
work are carried out for the parameter values specified in the nu-
merical results presented by de Monte. These non-dimensional pa-
rameters are carefully transformed to the non-dimensional scheme
used in the present work. The transformed parameters used for
comparison are Biy =0.75, Big=1.5, 1 =0.33, w=0.66, k; =
0.25, @; = 1. Note that the values of the non-dimensional time
are different between de Monte and the present work due to dif-
ferences in the non-dimensionalization scheme. Fig. 6 presents a
comparison between the present work and de Monte [22] in terms
of interfacial temperature distribution in the #n direction at mul-
tiple times, starting with a uniform initial temperature. Note that
the values of non-dimensional time shown in Fig. 6 correspond to
the non-dimensionalization scheme followed in the present work.
Fig. 6 shows excellent agreement between the two at each time
considered and demonstrates that the present work correctly re-
duces to de Monte’s results for the special case that the past work
is valid for. By allowing for a general convective boundary con-
dition and unequal thermal diffusivities, the present work is a
lot more general than de Monte [22] and encompasses a much
broader set of two-dimensional multilayer problems.

4.4. Typical temperature colorplots

Based on the solution technique described in previous sections,
a representative two-layer problem is solved. The problem param-
eters are &1=1.8, k;=4, y1=0.5, w=2.5, Bi;=1, Bi;=10, Biy=2 and
Big=4. Fig. 7 presents colorplots of the temperature distribution in
the entire body at multiple times, starting with a uniform initial
temperature of one. As expected, the temperature field decays over
time, faster in layer 1, due to greater thermal conductivity and dif-
fusivity of layer 1 and despite the smaller Biot number at the £ =0
end than at the £ = 1 end. Within each layer, the temperature field
close to the convective boundaries is lower than away from it, par-
ticularly near the adiabatic boundary, which is also along expected
lines. As time increases, the temperature field, in general, decays
due to heat removal from the convective boundaries. The impact
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Fig. 7. Temperature contours for a representative two-layer problem at (a) =0, (b) 7=0.1, (c) 7=0.3, (d) T=0.5. Problem parameters are @;=18, k;=4, y1=0.5, w=2.5, Bi;=1,

Bi,=10, Bis=2 and Biz=4.
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Fig. 8. Impact of n direction Biot number: (a) 6 vs  at £ =0.25 and t =0.3, (b) 6 vs n at £ = 0.75 and v =0.3. Problem parameters are &;=1.8, ky=4, y1=0.5, w=2, Bi;=1,

Bi,=10, Bis=2 and Biz=4.

of key parameters, such as the Biot numbers and the ratio of dif-
fusivities is presented in the next sub-sections.

4.5. Impact of Biot number in n direction on temperature distribution

In addition to verification, Figs. 4 and 5 also illustrate interest-
ing features of thermal conduction in a 2D multilayer geometry,
particularly the impact of the Biot number in the 7 direction. For
example, both Figures show a reduction in the temperature distri-
bution as the Biot number in the 5 direction increases, which is
consistent with more effective heat removal at large values of the
Biot number. Further investigation of the impact of the Biot num-
ber in the 5 direction on temperature distribution is presented in
subsequent Figures.

The effect of the Biot number in the 7 direction on temperature
distribution along the 1 direction at T = 0.3 is presented in Fig. 8.
The Biot numbers at £ =0 and & =1 are Biy = 2 and Big = 4, re-
spectively. All the other problem parameter values are the same as
Fig. 4. Fig. 8(a) and 8(b) present plots along the middle of layers 1
and 2, respectively. These plots, as expected, show spatial variation
of temperature in the n direction as the value of Biot number along
the n = w boundary increases. In contrast, the temperature distri-

bution is quite flat when the Biot number is relatively small. This
is because of significant heat removal from the n = w boundary at
large Biot numbers, whereas, when the Biot number is small, there
is no heat loss from this boundary, resulting in heat flow only
along the & direction, and, therefore, a largely one-dimensional
temperature distribution. In addition, these plots also show, as ex-
pected, lower temperature with increasing value of Biot number,
due to improved heat removal from the boundaries. Finally, as
the Biot number in the 7 direction becomes larger and larger, the
temperature at the n = w boundary is seen to become closer and
closer to zero, which is consistent with the boundary approaching
isothermal conditions for large values of the Biot number. In con-
trast, as the Biot number reduces, the curves in Fig. 8(a) and 8(b)
are found to become flatter and flatter, indicating that the temper-
ature distribution becomes more and more one-dimensional, i.e.,
independent of 7.

The evolution of the temperature field over time is illustrated
in Fig. 9(a), which plots temperature at a fixed location as a func-
tion of time for the same parameter values as Fig. 8. As expected,
this plot shows that the temperature at a point reduces over time,
rapidly at first and then slower at larger time, eventually decaying
to zero. This illustrates the eventual loss of all of the initial ther-
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mal energy in the two-layer body from the convective boundaries
in the £ and n directions. Further, Fig. 9(a) shows greater rate of
reduction of temperature at larger values of the Biot number in
the n direction due to stronger convective heat removal from the
boundaries, although this is not a strong influence at small times,
when conduction to the boundary is not well established, or at
large times, when most of the heat has already conducted away
from the body.

Fig. 9(b) presents the impact of the Biot number in the n di-
rection on temperature at the same location as Fig. 9(a). As ex-
pected, for a given time, as the Biot number increases, the temper-
ature reduces due to the boundary permitting more and more heat
removal. For a sufficiently large value of the Biot number, how-
ever, the boundary is sufficiently close to isothermal, and, there-
fore, there is no significant further reduction in temperature with
further increase in the Biot number. Fig. 9(b) also illustrates the
decay in the temperature field over time. Curves plotted at increas-
ing values of time show lower and lower temperature.

4.6. Impact of thermal diffusivity

Finally, the effect of thermal diffusivity on the temperature dis-
tribution is analyzed. For a representative problem, temperature at
the center of the two-layer body is plotted as a function of time for
multiple values of &; in Fig. 10(a). The associated problem param-

eters are Bi; = 10,Bi, = 10,Biy =2,Big =2,y; =05, w=2.5, k=
4. As expected, increasing &; results in greater heat dissipation
from the first layer to the heat-removing boundaries, and, there-
fore, reduction in temperature and the rate of thermal decay. The
spatial variation of interface temperature in the 7 direction at t =
0.4 is plotted in Fig. 10(b). Consistent with Fig. 10(a), as the value
of @; increases, Fig. 10(b) shows reduced temperature. Fig. 10(b)
also shows greater thermal uniformity within the body at large
values of @1, which is consistent with greater ability to diffuse heat
within the first layer.

5. Conclusions

The transient multilayer two-dimensional diffusion problem has
been solved in the past only for the special case of isothermal
or adiabatic conditions normal to the layered direction. The key
contribution of this work is in generalizing this to include gen-
eral convective boundary conditions instead. While presented in
the context of a heat transfer problem, the technique is also ap-
plicable for equivalent mass transfer problems. Further, the pure
diffusion analysis presented in this work can be easily extended to
multilayer two-dimensional diffusion-reaction problems by appro-
priately accounting for the reaction coefficient in the definition of
the eigenvalues, as has been done for one-dimensional diffusion-
reaction problems [15,16,19]. Extension to three-dimensional prob-
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lems is also fairly straightforward, as this will only involve one
new set of eigenvalues. Finally, note that the derivation in this
work explicitly assumes uniform initial temperature in each layer,
which is a reasonable assumption for a wide variety of problems.
Extension to account for non-uniformity, such as in the 7 direction
is cumbersome, but possible. Depending on the specific nature of
such non-uniformity, this may require deriving a new solution for
Eq. (26), since Eq. (29) in the present work is specific to a uniform
initial temperature. The rest of the methodology is expected to re-
main unaffected.

The analytical technique discussed here improves the funda-
mental understanding of multilayer diffusion problems. In addi-
tion, the capability to analyze two-dimensional multilayer diffusion
with general convective boundary conditions may be pertinent to
several practical engineering problems.
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