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ABSTRACT

Diffusion-reaction problems occur commonly in heat and mass transfer analysis. In the particular case
of a multilayer body under certain conditions, such problems are known to result in imaginary eigen-
values that indicate divergence in the temperature/concentration field at large times. For small values of
the reaction coefficient, past work has derived conditions in which an imaginary eigenvalue may exist.
This work generalizes this result by showing that more than one, but not infinite imaginary eigenvalues
may exist under certain conditions in a one-dimensional two-layer diffusion-reaction problem. A system-
atic investigation of the eigenequation in the imaginary space is carried out in order to derive a closed
form expression for the number of imaginary eigenvalues for any given problem. It is shown that, for
other parameters being fixed, the larger the values of the reaction coefficients, the greater is the number
of imaginary eigenvalues. However, unlike real eigenvalues, it is shown that the number of imaginary
eigenvalues is never infinite. While presented for a two-layer body, similar techniques may be applied
for a more general multilayer body, although the derivation of explicit equations may be more challeng-
ing. Besides its theoretical importance, accounting for imaginary eigenvalues in the problem discussed
here is clearly important to ensure accuracy of the mathematical model. The present work contributes
towards this by systematically identifying the number and nature of imaginary eigenvalues that occur in

multilayer diffusion-reaction heat and mass transfer problems.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Heat and mass transfer in a multilayer body is commonly en-
countered in engineering processes and systems, including energy
conversion [1], thermal management [2], drug delivery [3] and
manufacturing [4]. While some such problems are governed only
by diffusion, for which standard analytical solutions are available
[5,6], many problems include additional complications, such as re-
action and convection terms [3,7-9]. Consideration of this prob-
lem in one spatial dimension offers analytical simplification [3,7,8],
whereas analysis in two or three dimensions may be necessary
in specific cases [10-12]. Development of analytical solutions that
account for such complications is important for accurate design
and optimization of such systems, towards improved performance,
safety and reliability.

The solution of multilayer transport problems is usually de-
rived using separation of variables method, in which, the solution
is written as an infinite series for each layer, and the boundary
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and interface conditions are used to derive the eigenequation for
the problem [5]. Orthogonality of eigenfunctions involves contri-
butions from each layer, with additional complications when con-
vection is present [8]. Past work has shown that such multilayer
problems may admit imaginary eigenvalues [7,8,10,11], even when
the problem is one-dimensional [7,8]. Such imaginary eigenvalues
are associated with divergence of the temperature/concentration
field at large times. This is seen, for example, in the thermal run-
away phenomena in Li-ion cells, where an imbalance between
temperature-dependent heat generation and dissipation results in
a positive feedback loop, leading to uncontrolled temperature rise
[13,14]. Imaginary eigenvalues are of much theoretical interest. Fur-
ther, understanding and computing imaginary eigenvalues is also
of much practical importance, since standard eigenvalue computa-
tion tools do not search in the imaginary space and ignoring imag-
inary eigenvalues may lead to inaccurate predictions [7].

In the recent past, an analysis of the multilayer diffusion-
reaction problem has been presented [7], showing that under cer-
tain conditions, an imaginary eigenvalue may exist. The values of
the reaction coefficients considered in this work were quite low,
which is why, at most one imaginary eigenvalue was encountered.
Based on the monotonically increasing nature of the eigenequa-
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Nomenclature

Biot number

convective heat transfer coefficient (Wm=2K-1)
unit imaginary number, i = /-1
thermal conductivity (Wm~1K-1)
non-dimensional thermal conductivity
number of layers

eigenvalue norm

temperature (K)

spatial coordinate (m)

time (s)

diffusivity (m2s—1)

non-dimensional diffusivity

reaction coefficient (s—1)
non-dimensional reaction coefficient
non-dimensional interface location
non-dimensional time
non-dimensional temperature
non-dimensional spatial coordinate
non-dimensional eigenvalue

SMDPDARDHIRAIR TN =z~

Subscripts
m layer number
0 initial value

tion along the imaginary axis, a limiting condition for the existence
of an imaginary eigenvalue was derived. It was shown that ignor-
ing the imaginary eigenvalue may lead to significant inaccuracy in
computing the temperature field.

In contrast with the work described above, more than one
imaginary eigenvalues may exist when the reaction coefficient is
large and positive. This paper presents theoretical analysis of a
one-dimensional two-layer diffusion-reaction problem in order to
determine the number of imaginary eigenvalues of the problem.
Through a systematic investigation of the eigenequation along the
imaginary axis, a closed-form expression for the number of imagi-
nary eigenvalues for any given problem is derived. It is shown that
more than one imaginary eigenvalues may exist, depending on a
careful balance between heat/species generation due to the reac-
tion term, and dissipation due to the diffusion term and boundary
conditions. Unlike real eigenvalues, it is shown that the number of
imaginary eigenvalues is not infinite. The impact of various prob-
lem parameters on the imaginary eigenvalues is examined.

2. Problem definition and background

Fig. 1 presents a schematic of a one-dimensional M-layer body
of total thickness zy. Interfaces between layers are located at
z = zm (m = 1,2.M-1). A heat transfer problem is considered
here, although, due to heat and mass transfer analogy, results de-
rived here also apply to mass transfer problems. Diffusion occurs
within each layer, with a constant and uniform thermal diffusiv-
ity oy (m = 1,2.M). Linear, temperature-dependent heat genera-
tion/consumption occurs in each layer, with a reaction coefficient
Bm. Positive and negative values of B correspond to exothermic
and endothermic reactions, respectively. Boundary conditions at
the two ends are characterized by heat transfer coefficients h, and
hg, respectively. The initial temperature is each layer is Ty . All
properties are assumed to be constant and uniform.

The following non-dimensionalization may be carried out:

— —Tamb —_ Z _ oyt _ Zm km 5 _ A _
Qm_ ref_ﬂmb S ' T= 22 'ym_zM km_kM'am_aM"Bm_
22 T,
P el Omo = LT“”“’ Biy hAZ’V' , Big hl‘sz, where Ty, refers to
ref~ ‘amb M

the temperature field in the mth layer, while Ty, and T are
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Fig. 1. Schematic of the one-dimensional multilayer body considered in this work
with diffusion and linear reaction in each layer.

the ambient temperature and a reference temperature, respectively.
Therefore, this problem is governed by the following energy con-
servation equation for the non-dimensional temperature rise in
each layer [7]:

00n  _ 320y,
W_a HE2 +,3m9m(m_1 2,...M) (1)
The following boundary and interface conditions apply:
206,

—kl ag +BIA91 0 at %_ =0 (2)
a%_ +BIBQM OatE—l (3)
Om = my1 at é‘_ =¥Ym (4)
- 30, - 06

kmﬁ = k1 arg_.ﬂ at & = ym (5)

Egs. (4) and (5) represent perfect thermal contact and energy
conservation, respectively, at each interface (m = 1,2,3.M-1). A
non-zero initial temperature distribution 6, = 6, o(§) is assumed
at T=0.

It can be shown [7] that a solution for this problem may be
written as follows:

On(E,T) = i Ca[Am.n €OS (Wmn€) + B S (@m.n&)Jexp(~277)

n=1
x(m=1,2.M) (6)
Where wmn = % . A proof that Eq. (6) satisfies Eq. (1) ex-

actly is presented in Appendix A. The coefficients Amn and By n
are determined by solving a set of algebraic equations obtained
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from the boundary and interface conditions. Coefficients ¢, are de-
rived using quasi-orthogonality of eigenfunctions [5,7]. Finally, it
has been shown [7] that an imaginary eigenvalue may be encoun-
tered under certain conditions, such as small Biy and Big, and/or

large Bn.
3. Analysis of the number of imaginary eigenvalues

The goal of the present work is to determine the number of
imaginary eigenvalues that may exist. A two-layer body is consid-
ered here for derivation of closed-form results. The eigenequation
for this case has been shown to be given by [7]

—ky@1 + Big cot (w11)
1=
k] w1 cot ((1)1 " ) + Big

—w; + Bigcot (wa(1— 1))
wycot (wa(1—y1)) +Big

f) = ko

(7)

2

where wp = % (m=1,2). For analysis of this function in

the imaginary space, one may substitute 22 = —A2, resulting in the
following eigenequation in the imaginary space

f(?\) ki

k1@ + Big coth (@1 y1)

1=
ki1 coth ((2)1 )/]) + Big

(@ + Big coth (&, (1 —
o, 2 Bl (@a( )/1)') _0o (8)
@ coth (@, (1 - y1)) + Big

where, ®n = % = iwy for m = 1,2. Note that i = +/—1 is the
unit imaginary number.

Imaginary eigenvalue analysis presented in the past work
[7] proved that the eigenequation increases monotonically along
the imaginary axis. Therefore, it was argued that the existence of
an imaginary eigenvalue can be predicted on the basis of whether
the eigenequation is positive (does not exist) or negative (exists) at
the origin, A=0. While such analysis is accurate for relatively mild
conditions (small Bm and/or large Biot numbers), this may lose ac-
curacy in harsher conditions (large B, and/or small Biot numbers)
because the eigenequation may no longer be continuous, and de-
spite being monotonically increasing, the eigenfunction may go to
+oo, resulting in additional eigenvalues at which the eigenequa-
tion crosses the A axis. This behavior is similar to the tan function,
which has an infinite number of roots despite being monotonically
increasing, because it goes to oo an infinite number of times.
As a result, in the present case, it may be possible for an imagi-
nary eigenvalue to exist despite the eigenequation being positive at
%=0. This is illustrated in Fig. 2, which plots the eigenequation as
a function of A for multiple values of 8,, while other problem pa-
rameters are held constant (k; = 0.75; @; = 0.75; Bis = Big = 0.5;
y1=0.6; By =0). Fig. 2 shows that for a negative value of f3,,
the eigenequation starts above the A axis, at A=0 and increases
monotonically, resulting in no roots. At Bz =10 - a positive but
relatively small value - the eigenequation starts below the A axis,
increases monotonically and crosses the X axis only once, corre-
sponding to one imaginary eigenvalue. For an even larger value of
Bz =30, it is found that while the eigenequation starts above the
% axis and increases monotonically, however, it goes to +oco and
starts again at -oc. As a result of this discontinuity, the eigenequa-
tion crosses the A axis once, resulting in one imaginary eigen-
value, despite starting above the % axis. Finally, for an even larger
Bz = 180, the eigenequation attains an infinite value twice, result-
ing in two imaginary eigenvalues.

It is of interest to formally analyze this problem and predict the
conditions under which imaginary eigenvalues exist, and if so, the
number of such imaginary eigenvalues. Specifically, the threshold
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Fig. 2. Eigenequation plot in imaginary space for the two-layer problem. Curves are
plotted for multiple values of 8. Other problem parameters are ki = 0.75; &; =
0.75; Biy = Big = 0.5; y; =0.6; 1 =0.

values of the reaction coefficients that lead to a certain number of
imaginary eigenvalues may be of much practical interest, for exam-
ple in understanding the limits of thermal runaway in Li-ion cells.
Towards this, one may proceed by separately examining two inde-
pendent mechanisms that lead to the eigenequation plot crossing
the A-axis, and, therefore, existence of an imaginary eigenvalue.

Firstly, if the value of the eigenequation at A=0, ie. f(0),
is negative, then the monotonically increasing nature of the
eigenequation implies the existence of an imaginary eigenvalue. An
expression for f(0) may be derived by inserting A=0 in Eq. (8), re-
sulting in [7]

— kl\/E—BiAcot( f[}yl)
R Y B
lkl\/ECOt< g:'}ﬁ)"—BiA
\/ﬂ*\/ﬁiz—BiBCOt<\/,3§z(1—V1))
=/ Pr—
VB, cot (/Ea - )/1)> + Biy

Therefore, the existence of an imaginary eigenvalue can be
predicted simply by determining the sign of f(0) given by
Eq. (9) above for the given set of problem parameters.

Now, regardless of whether f(0) is negative or not, additional
imaginary eigenvalues may still exist. This is illustrated by the
B> =30 and B, = 180 curves in Fig. 2. In these cases, f (0) is pos-
itive, yet, one and two additional imaginary eigenvalues exist for
these two cases, respectively, because the eigenequation attains
an infinite value once and twice, respectively, along the imaginary
axis. In order to investigate such additional imaginary eigenvalues,
it is important to note that due to the monotonically increasing
nature of the eigenequation, an additional imaginary eigenvalue
is encountered if and only if the eigenequation attains an infinite
value, i.e., the eigenequation crosses the % axis as many times as
it attains an infinite value and thus must start at —co and cross
the A axis once. Therefore, in order to determine the number of
imaginary eigenvalues beyond the one that is predicted based on
the sign of f(0), it is important to determine under what condi-
tions does the eigenequation become infinite, and if so, how many
times.

(9)
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Fig. 3. Plots of functions (a) g; (x) and (b) g (x), showing the infinite number of roots in each case. Problem parameters are k; = 0.75; 1 =0.6; Biy = Big = 0.5.

It can be seen that an infinite value is attained when one of
the two functions appearing in the denominator in Eq. (8) become
zero, i.e.

i(](b] coth @, Y1+ Biy =0 (10)
or
C?)zCOth(I)z(l —7)+Big=0 (11)

It is helpful to separately consider the possibility of expressions
in Egs. (10) and (11) becoming zero. These may be interpreted as
the separate contributions of the two layers in the problem. Fo-
cusing only on the first layer, i.e., Eq. (10), based on the defini-
tion of @, given above, @; may be either real or imaginary. When
real, the function in Eq. (10) is always positive because x cothx is
a positive function for real x. This could occur, for example, when
Bl < 0, i.e., the reaction term is endothermic in nature, and there-
fore, no thermal runaway due to heat accumulation is expected.
On the other hand, when &, is imaginary, it is helpful to simplify

by substituting @; = i@, where & =,/ ﬂla—_fz is real. Substituting
in Eq. (10) reduces to

ki@ cot @1 yy + Bip =0 (12)

Therefore, the original function f given in Eq. (8) may become
infinite for those values of A for which Eq. (12) is valid, i.e., for
which, @; is equal to a root of the transcendental equation g; (x) =
kqx cot(y1x) + Bis. As an example, Fig. 3 plots gy (x) for k; = 0.75;
y1 = 0.6; Biy = 0.5, and illustrates the infinite number of roots of
this equation. Denoting these roots by fiq 5, this condition may be
written mathematically as

A2 =By — g,

Note that w4, is an increasing series of numbers, and there-
fore, only a finite number of x may satisfy Eq. (13). As wq, in-
creases, the right hand side in Eq. (13) eventually becomes nega-
tive, at which point, there is no further possibility of a A to sat-
isfy Eq. (13), given that J is real. Therefore, the total number of
imaginary eigenvalues that exist because of the denominator of the

first term in Eq. (8) becoming zero may be written as nq, where 14
is the smallest non-negative integer for which g; — O_[]/,L% 1 < 0.

(13)

Since B; is finite and M1.q is a series of increasing numbers, there-
fore, this condition will eventually be satisfied by a large enough
ny, and therefore, the number of imaginary eigenvalues in this
problem may be large but never infinite. This is in sharp contrast
with the infinitely many real eigenvalues of the problem, which
can be proved as follows: the denominators in the eigenequation
along the real axis, Eq. (7) will attain a value of zero an infinite
number of times, due to the appearance of the xcotx function.

This, along with the continuous nature of the eigenfunction im-
plies that the eigenfunction must cross the x-axis an infinite num-
ber of times, and, therefore, must have an infinite number of real
eigenvalues. Note that real eigenvalues are not of particular inter-
est for the present analysis, since it is the imaginary eigenvalues
that cause divergence of the temperature field at large times.

Note that when B; is negative, or positive but small, then
Eq. (13) may be satisfied even when n; =0, indicating that no
imaginary eigenvalues are admitted.

A similar analysis may be carried out for the second term.
It may be shown that the number of imaginary eigenvalues due
to the second term becoming infinite is given by n,, where
n, is the smallest non-negative integer for which ,32 _M%,nzﬂ <
0, where w,, are roots of the transcendental equation g;(x) =
xcot((1 — y1)x) + Big. Fig. 3 plots g;(x) for y; = 0.6; Bizg = 0.5 and
shows, similar to g;(x), an infinite number of roots ;.

Therefore, the total number of imaginary eigenvalues is given
by ny +ny + 68, where § =1 if f(0) <0 and § = 0 otherwise.

Based on the derivation above, a limiting condition for the ab-
sence of imaginary eigenvalues, i.e. stability of the system, is that
f(0) >0 (ie, 8§ =0), and B, —ajuf; <0 and By — 13, <0. Un-
der these conditions, one may expect the temperature distribution
to not diverge at large times. This set of conditions is an improve-
ment over past work [7], in which, the condition for stability only
considered the sign of f(0), and therefore, for example, a certain
set of parameters could have been predicted to result in stability,
when, in fact, it is not.

4. Special case - single layer body

Imaginary eigenvalues similar to the one shown for a two-layer
body presented in Section 3 may also exist in the special case of a
single layer body. The results derived in Section 3 for a two-layer
body may be reduced to those for a homogeneous single layer
body by choosing the thermal properties of the two layers to be
the same (I_q_ = @7 = 1) and the generation coefficients to the same
(B1 = P2 =P). In such a case, the general eigenequation for the
problem, given by Eq. (7) reduces to

—w + Bigcot (wy1) = —w + Bigcot (w(1 —y1))

) = cot @) +Bis T wcot@( 1)) +Bis

(14)

where w = \/m It can be shown that the roots of Eq. (14) are

the same as the roots of the following equation:
. —w + Bigcotw

A) =B ——— =0 15

f) At @ w cot w + Big (15)

which indeed matches exactly with the eigenequation derived
from first principles for a homogeneous single-layer body.
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Fig. 4. Colorplot showing the distribution of number of imaginary eigenvalues of
the two-layer problem in the ;-8 space.
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Using analysis methods similar to those used in the previous
section for a two-layer body, the number of imaginary eigenvalues
for this special case may be written as n + §, where § =1 if

= \/E—Bigcot\/E
0) = —
I \/E\/Ecot\/ﬁﬁL—kBiB

and § = 0 otherwise. Further, n is the smallest non-negative inte-
ger, for which, B - ,u% 41 <0, where p, are roots of the transcen-
dental equation g(x) = x cotx + Bip.

Note that divergence analysis for a homogeneous cylinder with
convective boundary condition on the outer surface has been pre-
sented in the past, leading to the derivation of a non-dimensional
number that governs stability [13]. However, results in this paper
were specific to the cylindrical geometry and did not analyze the
number of eigenvalues, as has been done here.

+Biy <0 (16)

5. Discussion

It is of interest to determine the regimes in which one or more
imaginary eigenvalues arise. Fig. 4 presents a colormap showing
the distribution of number of imaginary eigenvalues in the 8-,
space. Other problem parameters are k; = 0.75; &; = 0.75; Biy =
Big = 0.5; y; = 0.6. As expected, the theoretical model presented
in Section 2 predicts zero imaginary eigenvalues in the third quad-
rant (B <0, B, < 0). In this region, both reaction terms represent

150 ‘ ‘ . '
(a)
100 ¢ L
% IRA]IL %1=0.75
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consumption, and therefore, no imaginary eigenvalues leading to
runaway are expected. Fig. 4 shows that no imaginary eigenvalues
are expected even for small positive values of either 8; or 8, pro-
vided the other coefficient is strongly negative. This represents a
scenario where a small amount of generation in one of the lay-
ers is sufficiently counter-balanced by strong consumption in the
other layer as well as heat removal from the boundaries, resulting
in no runaway. In all quadrants other than the third, the number of
imaginary eigenvalues increases as the magnitude of the positive
reaction coefficients increases. This is expected because the larger
the positive reaction coefficients, the more strongly temperature-
dependent the reaction is, resulting in greater heat generation as
temperature increases, which is the root cause of divergence and
thermal runaway. Note that each additional imaginary eigenvalue
is of greater magnitude than previous ones, and therefore, makes
the system more and more strongly diverging. This has practical
implications for Li-ion batteries, where thermal runaway propaga-
tion from one cell to the other may depend on how strong the
thermal runaway is [15].

The effect of key problem parameters on the number of imagi-
nary eigenvalues is discussed in Fig. 5. Fig. 5(a) presents the min-
imum value of reaction coefficient in the second layer that results
in one or two imaginary eigenvalues as a function of the Biot num-
ber, assumed to be the same on both ends. Reaction coefficient in
the first layer is held constant. This plots shows that as Biot num-
ber increases, it is possible to tolerate a greater value of Bz before
imaginary eigenvalues appear. The minimum value of 8, increases
slowly when Bi is small, and then rapidly because of the increased
impact of boundary cooling when Bi is reasonably large. A satu-
ration effect is observed at large Bi, when the boundary condition
becomes close to isothermal. The limiting value of minimum /éz
at small Bi is positive but small (around 0.1 in this case), indicat-
ing that when the boundaries are heavily insulated, even a small
reaction coefficient is capable of causing an imaginary eigenvalue,
and therefore, thermal runaway. As expected, the minimum value
of 52 needed for two imaginary eigenvalues is always larger than
for one. Fig. 5(b) plots the minimum value of B, needed for one or
two imaginary eigenvalues as functions of ,31, while other param-
eters, including the Biot number are fixed. When B; is negative,
the minimum value of ,32 is largely insensitive to 51, which is be-
cause a negative value of 51 does not contribute towards imaginary
eigenvalues, and in this regime, there is only a small increase in
the minimum value of B, as B; changes. On the other hand, when
B1 becomes positive, it also begins to contribute towards thermal
runaway, and therefore, the minimum value of 52 decreases more
sharply. Consistent with the theoretical results in Section 2, and
similar to Fig. 5(a), it is found that the minimum S, needed for
two imaginary eigenvalues is always greater than that for one.

100 w " : |
0 (b) |
N %1=0.75 Tyvo imaginary
|3 60 r @=0.75 eigenvalues
g Bi=1.0
g 40f 71=0.6
|
= 20t
of Brsiivaginan— | = T~o
eigenvalue N
-20 : : : : : :
30 25 20 15 -10 -5 0 5

Bs

Fig. 5. Effect of key problem parameters on the number of imaginary eigenvalues: Minimum value of [32 that results in one or two imaginary eigenvalues as a function of
(a) Bi, (b) B;. Other parameters are k; = 0.75; &; = 0.75; y; = 0.6. In addition, in (a), 81 = 0, and in (b), Bi = 1. The same Biot number is assumed on both ends.
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imaginary eigenvalue is admitted in regions where f(0) < 0. Other problem param-
eters are k; = 0.75; &; = 0.75; Biy = Big = 0.5; y1 =0.6; 1 = 0.

Finally, the sign of f(0) is of interest, since it determines the
existence of one imaginary eigenvalue. As discussed in Section 2, a
negative value of f(0) predicts the existence of at least one imag-
inary eigenvalue. In order to investigate this further, Fig. 6 plots
f(0) as a function of B,, while other parameters are held con-
stant (k; = 0.75; &; = 0.75; Biy = Big = 0.5; y; = 0.6; 8; = 0). For
negative values of By, f(0) is positive, which is consistent with
zero imaginary eigenvalues in that regime. As 8, becomes posi-
tive and increases, f(0) becomes negative, which corresponds to
the appearance of an imaginary eigenvalue. f(0) is a discontinu-
ous function, and quite interestingly, at even larger values of ,32,
f(0) becomes positive again. This does not indicate, however, that
there are zero imaginary eigenvalues in this regime, because, as
discussed in Section 2, imaginary eigenvalues may also appear due
to the value of the eigenequation becoming infinite. This is respon-
sible, in this case, for one or more imaginary eigenvalues to appear,
despite the positive value of f(0).

6. Conclusion

Thermal runaway is a well-known problem in engineering sys-
tems such as Li-ion cells. Theoretical analysis of such problems is
important because thermal runaway experiments are costly and
cumbersome to carry out. A good understanding of the nature of
eigenvalues in such problems is needed, particularly whether the
problem admits imaginary eigenvalues, and if so, how many. This
is important not only for theoretical interest, but also for practi-
cal computation, since accurate temperature computation requires
that all eigenvalues, whether real or imaginary, be accounted for.
The key contribution of the present work is in the closed-form ex-
pression derived for the number of imaginary eigenvalues for any
given set of parameters. This helps understand the fundamental
nature of thermal runaway, and can potentially be used to design
thermal systems capable of preventing thermal runaway. Results
derived here are also applicable to equivalent mass transfer prob-
lems in reacting systems.
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Appendix A: Proof that Eq. (6) is an exact solution of Eq. (1)
Egs. (1) and (6) are reproduced below:

+ Bubm(m=1,2,3...M) (1)

Om(E,T) = i Cn[Am.n €OS (Wm &) + Ban SiN (@m n&)]eXp(—A7T)

n=1

x(m=1,2.M) (6)
By inserting Eq. (6) in each term of Eq. (1), it can be shown that

a6 > .
a—: =Y —AhcalAmn €OS (Wmn) + Bmn SIN (W .n§)Jexp(—A7T)
n=1
(A1)
9%, S ., .
Um P82 = Z —AmWip nCnl[Am.n €OS (Wm,n& ) + B SIN (Wmn§)]
n=1

x_exp(—)\ﬁr) (A.2)

Binbm = Z:; BinCalAmn €OS (Wmn€) + Bmn Sin (wm,nf)]exp(—)\ﬁt)

(A.3)
Adding Eqgs. (A.2) and (A.3) results in
_ 0%, - Sl -
Otmaisz + Binbm = Z (,Bm - amwmn)cﬂ
n=1

X [Am.n COS (@mn&) + Bm.p Sin (a)m,ng)]exp(—)\%r)
(A4)

Since wm.n = 4/ A%;% therefore Eq. (A.4) may be re-written as

5 P00 o 2
852 +,Bm m—Z Cn

x[Am.n COS (a)m,né) + By Sin (a)m.ng)]exp(—)\ﬁr)

(A.5)
Comparing Eqgs. (A.1) and (A.5), it can be concluded that
0y . %0, 5
Br =gz * Pnbin (A0

which is the same as Eq. (1). Therefore, Eq. (6) satisfies Eq. (1) ex-
actly. Note that there are no approximations in the analysis pre-
sented above.
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