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Extended surfaces, also known as fins are used commonly for heat transfer enhancement in energy stor-
age and thermal management problems. A fin may improve the rate of heat transfer by offering greater
surface area. While the performance of a fin in a single-phase ambient such as air is well-understood,
relatively lesser work is available on fin performance, including parameters such as fin effectiveness and
efficiency, when embedded in a phase change material (PCM). A key theoretical challenge in such analy-

Keywords: sis is the transient nature of the phase change problem that must be combined with transient diffusion
T'hemlall Management and phase change in the fin. This work presents theoretical analysis of phase change heat transfer be-
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diffusion and phase change in the PCM are combined using perturbation analysis of a problem with time-
dependent boundary condition. Results are found to be in good agreement with numerical simulations.
Expressions for fin effectiveness and fin efficiency as functions of time are derived. The impact of var-
ious problem parameters such as fin geometry, material and the Stefan number on fin performance is
analyzed. Expressions for efficiency and effectiveness of an array of equally-spaced fins are also derived.
It is shown that while a fin provides additional surface area for enhanced melting of the PCM, transient
diffusion in the fin may limit the benefit of the fin, especially at small times. On the other hand, fin per-
formance at large times is limited by slow phase change in the PCM. Results presented here improve the
fundamental understanding of PCM and fin based thermal management. Expressions for fin effectiveness
and efficiency derived in this work offer useful tools for designing and improving the performance of
practical fin and PCM based thermal management systems.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Phase Change Materials (PCMs) are commonly used for energy
storage and thermal management [1]. For example, solar energy in
a Concentrated Solar Power (CSP) plant is used to melt a high tem-
perature PCM, which stores the latent thermal energy until needed
for generating electricity [2]. PCMs are also used for thermal man-
agement of Li-ion batteries (LIBs) [3], high-power electronics in ve-
hicles [4] and spacecraft [5]. While in energy storage applications,
the focus is on the amount of energy stored in the PCM, in thermal
management, the emphasis is on the amount of energy removed
from the source.

The phase change process is inherently self-limiting, due to
resistance offered by the newly formed phase to further phase
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change [6]. Extended surfaces such as fins are commonly used to
overcome this limitation [5,7,8]. In general, the use of a fin does
not necessarily guarantee improved heat transfer because, in addi-
tion to increasing surface area available for heat transfer, a fin also
offers additional thermal resistance to the flow of heat [9,10,11]. In
a well-designed fin, however, the former effect dominates over the
latter, and therefore, there is an improvement in the rate of energy
stored (for energy storage applications) or the rate of heat removed
(for thermal management applications).

Theoretical heat transfer modeling is of much importance for
understanding and optimizing PCM and fin performance. The heat
transfer performance of a fin in a single-phase medium such as
air is sufficiently well-known, and is usually discussed in under-
graduate textbooks [9,10]. For this case, expressions for tempera-
ture field in the fin, and fin performance characteristics such as
fin efficiency and effectiveness have been derived based on the as-
sumption of a constant convective heat transfer coefficient to rep-
resent fin-to-ambient heat transfer [9,10]. In contrast, heat transfer


https://doi.org/10.1016/j.ijheatmasstransfer.2022.122630
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2022.122630&domain=pdf
mailto:jaina@uta.edu
https://doi.org/10.1016/j.ijheatmasstransfer.2022.122630

A. Mostafavi and A. Jain

Nomenclature

A area, m?

b reference length, m

c specific heat capacity, J-kg'1'K1

C volumetric heat capacity, J-m=3.K~!

(,:f nondimensional fin volumetric heat capacity, ff =
Pses
PpCp

h convective heat transfer coefficient, Wm.~2K~!

k thermal conductivity, W-m~1K~!

_cf nondimensional fin thermal conductivity, I_cf = %

L fin length, m

L nondimensional fin length, L = %f

Ly latent heat of fusion, Jkg—1

q heat transfer rate, W

q’ heat flux, Wm—2

q nondimensional heat transfer rate, g = m

S nondimensional source term, S = %

t time, s

T temperature, K

I fin base temperature, K

Tm melting temperature, K

Too freestream temperature, K

w fin half-width, m

w nondimensional fin half-width, w = ¥

w fin half-pitch, m

w nondimensional fin half-pitch, W = %

X,y spatial coordinate, m

Greek symbols

o thermal diffusivity, m2s~!

B Stefan number, Ste = CP(TTip_Tm)

&f single fin effectiveness

€0 fin array effectiveness

ul single fin efficiency

No fin array efficiency

[0) nondimensional temperature, ¢ = TTb :TT’:‘H

P mass density, kgm—3

T nondimensional time, T = ‘%t

X, ¥ nondimensional spatial coordinates, x = %, ¥ = %

Subscripts

b base

f fin

f,b fin base

fis fin-PCM interface

ideal ideal case

LS solid-liquid interface

nofin without any fin

p phase change material

s surface

analysis for a fin in a PCM is more complicated and remains a topic
of active research [7,11,12,13]. First of all, phase change process in
the PCM is inherently transient in nature, and must be coupled
with transient diffusion in the fin [8,11]. Thermal interaction be-
tween the fin and the PCM can not be described simply by a con-
vective heat transfer coefficient, as is the case with single-phase
ambient such as air. Second-order effects such as the effect of grav-
ity, contribution of free convection in the melted region, presence
of multiple phase change fronts and temperature-dependent prop-
erties must also be considered, when appropriate [7,12,13]. In the
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past, theoretical analysis of energy storage in a PCM in the pres-
ence of a fin has been presented [8,11,14,15], including estimates
based on approximate analytical techniques [16,17]. The influence
of PCM around the fin has been modeled in the form of a source
term in the energy equation for the fin based on quasi-linear ap-
proximation [8] or by using a perturbation method solution of a
Stefan problem with time-dependent boundary condition [11]. This
problem is inherently non-linear, and an analytical solution is often
not possible [6]. Therefore, numerical techniques have been com-
monly used. Using numerical techniques, fin optimization has been
reported for heat sinks [7,18], triplex tube heat exchanger [19] and
for an energy storage device [20]. Fin heat sink optimization based
on genetic algorithms has been reported [21]. A key goal in such
papers has been to optimize the shape and/or size of fins to max-
imize the rate of energy storage [11,14,22,23].

Most of the literature cited above investigates the energy stor-
age problem, in which, the primary motivation is to maximize
the amount of heat stored in the PCM. In contrast, thermal man-
agement problems are motivated by maximizing the amount of
heat removed from the hot source. In a transient process such as
phase change, the two are not necessarily equal to each other, and,
therefore, energy storage focused analyses, such as ones summa-
rized above, can not be readily used for understanding thermal
management problems. In addition, the literature available on fin-
PCM analysis does not present analysis of fin performance char-
acteristics such as efficiency and effectiveness in the presence of
a PCM. These are important parameters of much value to the fin
designer.

Fin heat transfer theory for a single-phase ambient such as air
defines two key fin performance parameters related to thermal
management of a high temperature base - fin effectiveness, ¢; and
fin efficiency, n;. While & is related to the ratio of heat removed
from the base area with and without the fin, on the other hand,
1y is the ratio of heat removed by the fin and heat removed by
an ideal fin that is at the same temperature as the base. For the
case of a single-phase ambient such as air, closed-form expressions
for ¢¢ and ny can be easily derived, based on a constant convec-
tive heat transfer coefficient h between the fin and ambient [9,10].
On the other hand, when the fin is surrounded by a PCM, fin-
PCM heat transfer becomes a function of both space and time [11],
and therefore, £; and 7, depend not only on geometrical parame-
ters and thermal properties, but also on time. Theoretical analysis
of this problem must consider both transient phase change pro-
cess in the PCM as well as transient diffusion in the fin in order
to determine expressions for e; and 7;. Such expressions may be
helpful in evaluating fin-based enhancement of phase change ther-
mal management. Key challenges in doing so include the transient,
non-linear nature of phase change in the PCM that must be cou-
pled with transient diffusion in the fin.

This paper presents theoretical modeling of the problem of
thermal management with a fin surrounded by a PCM. By com-
bining phase change analysis with transient diffusion analysis in
the fin, expressions for fin efficiency and effectiveness are derived.
These results are two-phase extensions of well-known expressions
already available for single-phase ambient such as air. The anal-
ysis is based on the solution of a Stefan problem with a time-
dependent boundary condition using the perturbation method. The
impact of geometrical parameters such as fin width and length, as
well as the base temperature on these parameters is studied. Fin
effectiveness and efficiency at short and large times is examined.

Section 2.1 presents the background of this problem for a fin
in a single-phase ambient. The present problem is then defined in
Section 2.2. Expressions for the temperature distribution, and thus,
€y and ny are derived in sections 2.3-2.5. Extension to an array of
fins is discussed in Section 3. Discussion and analysis of results is
presented in Section 4.
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2. Mathematical Modeling
2.1. Background: Single Phase Fin Analysis

Consider the problem of heat removal from the surface of a
body using an extended surface, commonly called a fin, attached to
the surface. Such a problem is commonly encountered in a variety
of engineering applications, such as thermal management of elec-
tronic devices, engines, Li-ion batteries and other heat-generating
bodies. The fin effectively increases the surface area through which
heat can be removed to the surrounding material, which, in many
cases is a single-phase material such as air. Theoretical analysis for
this problem is sufficiently well-developed, to the extent that ex-
tended surface theory is commonly found in undergraduate heat
transfer textbooks [9-10]. In steady state, fin performance, in terms
of the amount of heat removed from the hot body is usually char-
acterized by the fin effectiveness and fin efficiency.

While a fin increases the effective heat transfer area, it also in-
troduces a conduction resistance to heat transfer from the surface
to surrounding. Whether adding a fin actually leads to improve-
ment in heat removal depends on which of these factors dom-
inates. Fin performance can be evaluated by fin effectiveness ¢y,
defined as the ratio of the rate of heat transfer in presence of fin
to rate of heat transfer directly from the base if no fin is present,
ie,

. Asb
1T R (T, — To) M

where gy, is the heat removed by the fin from the base area Ay,
and h is the convective heat transfer coefficient between the fin
and the surrounding single-phase material.

Due to the finite thermal diffusivity of the fin material, there
is always a temperature gradient within the fin, causing a reduc-
tion in fin temperature towards the fin tip. Therefore, another com-
monly used parameter to represent fin performance and account
for the fin temperature drop is fin efficiency, ;. Fin efficiency is
the ratio of actual heat transfer from the fin to the ideal heat trans-
fer if the entire fin surface were at the base temperature.

Qf,s
= b, T @)
where As is the surface area of the fin.

While &7 compares the performance of the fin to a scenario
without any fin at all, n; compares the performance of the fin with
the best possible fin, i.e., the one with infinite thermal diffusivity.
Therefore, ny is always less than one, whereas & is usually, but
not always, more than one.

2.2. Problem Statement

In contrast with the scenario described above, where the fin
is surrounded by a single-phase material such as air, the present
work considers a scenario where the material around the fin is a
phase change material that undergoes phase change upon receiv-
ing heat. This is shown schematically in Fig. 1(a) for a single rect-
angular fin of constant cross-section. The large latent heat of PCMs
can potentially be utilized to remove greater amount of heat from
the hot body, compared to a single-phase material.

The phase change process around the fin is shown schemati-
cally in Fig. 2(a). In this problem, heat removed from the base must
diffuse into the fin, from where, it is conducted into the PCM. Heat
then diffuses through the PCM up to the phase change front, caus-
ing further melting and propagation of the phase change front in
the y direction. While on one hand, the fin increases the surface
area available for heat removal to the PCM, it also impedes di-
rect contact between the hot base and PCM. Further, at short time,
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Fin

Fig. 1. Schematic of a (a) single fin of width 2w, and (b) array of fins of width 2w
and pitch 2W surrounded by a PCM, removing heat from a hot base at temperature
T,.

(a)

Yis(%:t)

95 __Ldquid

Base

Fig. 2. Schematics showing (a) the phase change process around a single fin, (b)
energy balance on an infinitesimal fin element, including heat flow in/out due to
conduction as well as heat loss into the PCM that drives propagation of the melting
front.

most of the heat is used up in heating the fin rather than causing
phase change, and therefore, a fin may not be particularly effective
at short times. This is inherently a transient process, governed si-
multaneously by heat diffusion into the fin and by the propagation
of the phase change front into the PCM. A theoretical heat trans-
fer model to understand this process is presented next, in order to
understand the nature of fin-based heat transfer enhancement and
the various parameters that may influence fin performance.

Consider a rectangular fin of constant cross-section attached to
the base surface of a hot body, as shown in Fig. 1(a). Fin width and
length are denoted by 2w and L, respectively. The fin material is as-
sumed to be homogeneous and isotropic. The base surface is at a
high temperature Tj,, and the goal is to remove heat from the base.
Both fin and the surrounding PCM are initially at the PCM melting
temperature Tp,. Latent heat, heat capacity and thermal conductiv-
ity of the PCM are given by L,, ¢, and kp, respectively, while heat
capacity and thermal conductivity of the fin material are given by
¢r and ky, respectively. An adiabatic boundary condition is applied
at the fin tip, x = L. Thermal conduction in the fin is asumed to
one-dimensional. Phase change propagation in the PCM is assumed
to be one-dimensional, normal to the fin surface. All properties are
assumed to be independent of temperature. Perfect thermal con-
tact between the fin and base is assumed. Convective effects in
PCM are neglected. Radiative heat transfer is neglected. The lat-
ter two assumptions are usually valid for relatively small (T, — Trn)
and are commonly made in the literature to enable an analytical
solution [6].

2.3. Derivation of Fin Temperature Distribution

In order to determine the fin temperature distribution, and con-
sequently, the amount of heat removed from the base, this work
follows analysis similar to one recently presented for the latent
energy storage problem in the presence of fin [11]. Briefly, energy
balance in an infinitesimal fin element of length dx is considered,
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as shown in Fig. 2(b). Heat enters and leaves this element due to
thermal conduction. Further, heat transfer occurs from the periph-
ery of the element and into the PCM. A balance of these energy
terms can be carried out to result in the following governing en-
ergy equation for the fin temperature distribution [11]:

oy _ 97Ty 4y
at Foxz — WpsCs

Where q is the heat flux from the fin surface to the surrounding
material. ln the case of steady state single phase analysis, qf o i
easily written on the basis of a constant convective heat transfer
coefficient. In the present case, however, q}/_ , 1s more complicated,
since it depends on the rate of phase change propagation, which is
a transient, non-linear process.

The following non- dlmen51onallzat10n scheme 1s followed to
generalize the results: x =5, ¥ = b, w=7, [=1L pT= b2 , =
TTI,_—TT',",.' B = C”(T”p Tm) _’T{ Cy ZJ;CJ; Y15 = Y. Note that b is
an arbitrary length scale. The use of b preserves both fin width
and length in the solution, thus facilitating a study of the im-
pact of these parameters on fin performance. Alternately, L can
also be used to non-dimensionalize, but by doing so, the result-
ing set of equations will not contain an explicit term for the non-
dimensional fin length, and make it difficult to understand the ef-
fect of fin length on fin performance. 8 is the Stefan number, a key
non-dimensional parameter in phase change problems [6].

The dimensionless form of Eq. (3) along with boundary and ini-
tial conditions are

3)

2
A
¢7(0.7) =1 (5)
(5),.~° ©
¢r(x.0)=0 (7)
where S = %

The problem of heat diffusion in a fin in the presence of PCM
has been studied in the context of energy storage systems [11]. In
this past work, the goal was to understand the amount of heat
stored in the PCM. Here, the goal is instead to characterize the
thermal management performance of the fin, and therefore, the
primary performance parameters of interest are the rate of removal
from the fin surface rather than the rate of energy stored in the
PCM. Due to the transient nature of the problem, the two are not
equal to each other.

The S source term in Eq. (4) is the non-dimensional heat flux
from the fin surface to the surrounding PCM. Given that the fin
temperature itself is a function of time and location, therefore, at
each location x, S may be interpreted as the heat flux into a semi-
infinite PCM due to heating from a boundary (in this case, the fin
surface) with a time-dependent temperature. Phase change heat
transfer problems involving a time-dependent temperature bound-
ary condition have been solved in the past, for example, using per-
turbation method [24]. In this technique, the transient PCM tem-
perature distribution is written as a power series form using the
Stefan number as follows:

Gp(X Y, T)=Po(X. V. T)+BD1(X. V. T)+ B P2 (x. V. T) (8)

where ¢, ¢1 and ¢, may be expressed in terms of the tempo-
ral change of the fin temperature at the location x and the phase
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change front location ;5 as follows

)
d’l(X’va):é(f)f(f) % )[ (ZSH)
o3
surv- m«»w )
( i +19>+10 w—i w<%+4)
+5¢f$stLs< (%) +5<1Z5>+17)} (11)

Note that primes refer to time derivatives. Consequently, S can
be written as

¢0(X7¢7f):¢f<

o5 (¢f+2 1//L5>

Ji
B} 1 (¢, 1 |wsth s
ST ew\ov ), T hw 5V s
kpw y=o krw ¢f<4o<w—,f> ¢35+85¢,w—{1//u+19¢f2>
LS LS
g s

(12)

where s is the melting front location in yr direction given by
[24]

2

Yis(x.T) = [Zﬂquf(x,f)(l Lo+ %ﬂzqsf(x,f)z)df]
(13)

Eq. (12) provides a closed-form expression for fin-to-PCM heat
flux at any given location x as a function of fin temperature his-
tory at that point. By substituting Eq. (12) in Eq. (4), a partial dif-
ferential equation for fin temperature distribution is derived as fol-
lows:

o5 (¢f+2 KDLs)
ﬂ + 137

Cf 8¢>f 32¢f 1 Yis 615
2 T - 7\ 2 /
ke 9T X2 kw ¢f<40< 4 ) a0, 2] wm]g%z)
p 36015
(14)

The negative source term in Eq. (14) represents the effect of
heat transfer because of the surrounding PCM, similar to the con-
vective heat loss term in classical fin analysis in a single phase
fluid. Eq. (14) is a complicated integro-differential equation since
s itself is given by an integral in Eq. (13). This makes Eq. (14) sig-
nificantly difficult to solve analytically. However, an implicit nu-
merical computation procedure for Eq. (14) along with bound-
ary and initial conditions, Eq. (5)-(7), as elaborated in past work
[11] can be used to determine the fin temperature distribution.
Due to the singularity present in Eq. (14) at T = 0, Eq. (14) is first
computed up to a small initial period 7*, during which, the prob-
lem is treated as a pure-diffusion problem [11]. Once the fin tem-
perature distribution is determined, fin heat transfer rates at the
base and the fin surface can be determined as discussed in next
sub-sections.



A. Mostafavi and A. Jain
2.3.1. Fin effectiveness, ¢; for a single fin

An expression for fin effectiveness, ¢ for a single fin is derived
on the basis of the fin temperature distribution. Similar to Eq. (1),
fin effectiveness for a fin surrounded by PCM can be defined as
the ratio of rate of heat removed from the base by the fin and the
rate of heat removed from the base in the absence of the fin, i.e.,
if the base was in direct contact with the PCM. For this analysis,
only heat transfer from the base area A, needs to be considered,
since only one fin is being modeled. The phase change front due to
direct surface-to-PCM heat transfer is not needed to be considered
for single-fin analysis. Analysis of an array of fins, presented later
in Section 3, accounts for this by considering the fin-to-fin spacing.
In the present case, the rate of heat removed from the base by the
fin can be obtained by applying Fourier’s law at the base, x =0,
on the fin temperature distribution determined from Eq. (14) as
follows:

oTs
qu__kab< ) (15)
ax )

Using § = m as the dimensionless heat rate, the dimen-
sionless heat transfer rate for unit fin depth is given by

_kab(g)
"/ x=0 kfw( Ji ) (16)
ax 20

950 = "3 B(T, — Tn)

In contrast, the second quantity needed to determine ¢y, i.e,
the amount of heat removed from the base in absence of fin can
be obtained by analyzing the scenario where the base is in direct
contact with the PCM, and heat is removed from the base due to
heat transfer to and phase change in the PCM. This is indeed the
classical one-dimensional Stefan problem with a constant tempera-
ture wall of area Aj. Based on the analytical solution of this Stefan
problem [6], the heat transfer rate for this case may be obtained
as follows [6]:

o = = (1)
nofin =~ et ) /T

Where X is the root of the transcendental equation

rerf(r)et” = A (18)

JT
Based on Egs. (16) and (17), the fin effectiveness can be ex-
pressed as

g = arb lcfferf(k)( ¢f) vT (19)
x=0

qnofm
2.3.2. Fin efficiency, n; for a single fin

The fin efficiency n; compares performance of the given fin
with an ideal fin that is uniformly at the base temperature. 7y cap-
tures the effect of fin temperature drop on the fin performance.
Referring to Eq. (2), the heat transfer rate from the actual fin can
be determined by integrating the source term in Eq. (12). Once the
fin temperature distribution is determined by solving Eq. (14), ac-
tual heat transfer from the fin surface can be written as

¢f<¢f+2 'ﬁLs)
ﬂ + 137

_ L 6
drs=1 Yis 2 Yis ) dy (20)
0 oy 40(7{) l//,_25+85¢f‘7fwls+19¢f2
2 LS LS
B 36001

The ideal heat transfer would be the case where the entire fin
surface is at the fin base temperature, which corresponds to a clas-
sical Stefan problem for phase change propagation from the fin
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surface at temperature T,. The ideal heat transfer rate can there-
fore be written as

_ L
Qideal = ﬁerf(k)ﬁ
By combining Eqs. (20) and (21

(21)

), fin efficiency may be written

as
o5 (¢f+2*1hs>
ﬂ + ﬁi _
fZ Yis s 615 d
JO
o <4O< ) Vis+85¢; v,f Yis+19¢¢ >
_ 2
ORI - (22)
Gideal — L
V7 erf(A)JT

Expressions for fin effectiveness and efficiency derived above
are two-phase extensions of commonly available single-phase ex-
pressions [9]. These expressions account for heat transfer into PCM
around the fin, and, therefore, are important parameters to charac-
terize thermal management by a fin surrounded by a PCM.

3. Efficiency and effectiveness of an array of fins

While Section 2 presented phase change heat transfer analysis
for a single fin embedded in a PCM, it is not always possible to
cover the entire heat transfer surface with a fin. A more practi-
cal configuration comprises multiple, equally spaced fins, in which
case, as shown in Fig. 1(b), a part of the heat transfer surface is
cooled via fins, and the rest due to direct heat transfer to the
PCM. This section presents theoretical analysis of efficiency and ef-
fectiveness of an array of equally-spaced rectangular fins, each of
constant cross-section. All variables used here correspond to their
definitions in Section 2. In addition, the fin-to-fin spacing is taken
to be 2W, where W>w. In order to analyze this scenario, a unit
symmetry cell of the geometry of this problem is considered. The
vertical size of this cell is W, while the fin size is w. In this sce-
nario, total heat removed from the base comprises heat removed
through the fin, which occurs from the base over a length w, and
heat transfer directly into the PCM, which occurs between adjacent
fins over a length (W-w). It is assumed that the two phase change
fronts propagate independent of each other. While the former heat
flux is given by the same analysis presented in Section 2, heat re-
moved directly can be calculated from the analytical solution of
the constant base temperature Stefan problem, in which the PCM is
in direct contact with the hot surface between adjacent fins. There-
fore, the total heat removed from the unit cell due to the fin array
is given by

qf.b.array = qf.b + (W - W)qgofin (23)
In addition, the total heat removed from the length W in ab-
sence of the fin is

Gno fin = quofin (24)
Therefore, the effectiveness of the fin array may be written as
_ CIf,b + (W - W)q”nofin

’ Wq//nofin

which can be exoressed in terms of effectiveness of a single fin as

(25)

=1+%(sf—1) (26)

Similar analysis to compare the performance of an array of fins
with the ideal array of isothermal fins at base temperature can be
carried out to result in the following expression for efficiency of an
array of fins in terms of efficiency of a single fin:
o= MEEW —W (27)

L+W-w
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Fig. 3. Validation of results by comparison between theoretical model and finite-element simulations: (a) Fin temperature distribution at multiple times and (b) temporal

change of rate of heat transfer at the fin base. Problem parameters are w = 0.005, L = 0.2, 8 = 0.1885.

Egs. (26) and (27) provide useful expressions for performance
characterization of an array of fins in terms of corresponding per-
formance parameters for a single fin. These expressions are dis-
cussed in more detail in section 4.5.

4. Results and discussion
4.1. Comparison of theoretical results with numerical simulations

Comparison with numerical simulations is carried out In order
to validate the key theoretical results derived in Section 2.. Nu-
merical simulations are carried out in ANSYS-CFX, a finite-element
simulation software tool, which determines the temperature dis-
tribution in the fin and PCM domains, and thus heat transfer at
the fin base using the enthalpy method [25]. In this method, the
PCM is defined as a homogenous binary mixture of solid and lig-
uid phases, where the entire PCM is solid initially. Thermal prop-
erties of each phase, phase change temperature and a reference
latent heat of fusion are defined. The latent heat is incorporated
within the enthalpy, and the temperature field is determined indi-
rectly by solving the enthalpy equation. The location of the phase
change front is then determined by tracking the location of the ref-
erence melting temperature in the PCM domain. This enables the
accurate simulation of both diffusion and phase change processes
in the fin-PCM geometry. Density, heat capacity, thermal conduc-
tivity and latent heat of PCM are taken to be 780 kegm—3, 2300
Jkg=1K-1, 0.15 Wm~1K-! and 244000 Jkg~!, respectively, corre-
sponding to properties of octadecane. Standard properties of alu-
minum are assumed for the fin, which is assumed to be homo-
geneous and isotropic. Consistent with the theoretical model, per-
fect thermal contact between fin and base is modeled and radiative
heat transfer is neglected. The entire domain is meshed with hexa-
hedron cells and grid independence is validated by confirming neg-
ligible change in predicted temperature beyond 390048 nodes in
the domain. Results from the numerical simulation results are non-
dimensionalized for comparison with the theoretical analysis. For a
representative problem of a 5 mm wide, 20 cm long Aluminum fin
in octadecane PCM with a base temperature of 20°C above melt-
ing temperature, comparison between theoretical results and nu-
merical simulations is presented in terms of fin temperature dis-
tribution at multiple times in Fig. 3(a) and in terms of base heat
flux as a function of time in Fig. 3(b). In both cases, there is very
good agreement between the two. For example, the worst-case de-
viation in terms of temperature in Fig. 3(a) is less than 4%. As ex-
pected, the temperature in the fin decays along the fin. Further, the
fin temperature distribution rises with time, due to heat diffusion
into the fin over time, getting closer and closer to the base tem-

perature. At each time considered in Fig. 3(a), there is good agree-
ment between theoretical model and numerical simulations. The
base heat flux, shown in Fig. 3(b), reduces with time, which is also
expected, since there is very large temperature gradient within the
fin at small times, leading to large base heat flux, which then re-
duces over time as the fin temperature increases and the fin gets
closer and closer to an isothermal configuration.

4.2. Effect of fin geometry on effectiveness and efficiency

It is of interest to understand the impact of fin geometry, such
as width and length on performance parameters, including fin ef-
ficiency and effectiveness. In the presence of a PCM, both fin effi-
ciency and effectiveness are functions of time due to the transient
nature of the phase change process. In order to facilitate the un-
derstanding of how fin width and length affect &y and 7y, both
are non-dimensionalized using a reference lengthscale, instead of
using either fin length or width. By doing so, both fin length and
width are available as independent non-dimensional variables in
the derived expressions, and a study of the impact of either width
or length is possible.

Fig. 4(a) presents plots of fin effectiveness, &, as a function of
time for multiple values of fin width. The fin and PCM materials
are taken to be aluminum and octadecane, respectively. Fin length
[ and Stefan number are 0.2 and 0.1885, respectively, correspond-
ing to a base temperature of 20°C above PCM melting temperature.
The plot shows that for a given width, fin effectiveness rises with
time at first, reaches a peak and then decreases slowly. This is ex-
plained on the basis of the fin effectiveness being the ratio of base
heat flux with and without the fin. As time increases, the base heat
flux with and without fin both decrease. However, base heat flux
without the fin, given by Eq. (17), decreases more rapidly, due to
the thermal impedance offered by the newly formed phase. In con-
trast, for the case with fin, heat transfer at initial times is mostly
governed by diffusion into the fin, and not into the PCM, which is
why the base heat flux for this case does not decay as fast. This is
the reason why the fin effectiveness rises initially. However, once
the effect of thermal impedance of melted PCM begins to domi-
nate the case with fin present, the base heat flux with fin also de-
creases more rapidly, resulting in saturation and even slow decline
in fin effectiveness at large times. This can also be seen mathe-
matically from Eq. (19), which shows that at small times, when

) . . o .
(ai;(f) x=0 Is large, e must increase with time. Then, at later times,

. e ]
the fin temperature stabilizes due to diffusion, (ai;(f) x=0 becomes

small, and therefore, ¢ reaches a peak and then stabilizes. Fig. 4(a)
also shows greater fin effectiveness for thinner fins. This is because
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at small fin width, temperature gradient at the fin base is higher,
which is why, according to Eq. (19), the effectiveness is larger.

A similar analysis for fin efficiency is presented in Fig. 4(b),
where 7, is plotted as a function of time for three different fin
widths. Problem parameters are the same as Fig. 4(a). The fin ef-
ficiency plot shows that as time increases, the fin efficiency in-
creases rapidly from a value of zero and asymptotes to a value of
one at large time. This is because at small times, the fin is still
cold, largely at the initial temperature, and therefore, there is neg-
ligible heat removed from the base, when compared to the ideal
fin, which is isothermal throughout at the base temperature. How-
ever, as time passes, the fin temperature rises rapidly at first, due
to diffusion into the fin, causing rapid rise in heat removed from
the base, and therefore, in fin efficiency. As time passes, the fin
temperature saturates due to slowdown in heat transfer because
of the additional thermal resistance offered by the melted PCM,
and fin performance approaches that of an isothermal fin. This ex-
plains the large time behavior of the fin efficiency plot in Fig. 4(b).
Unlike fin effectiveness, fin efficiency is found to be much less sen-
sitive to fin width at larger times. This is because the fin efficiency
is a measure of fin performance compared to an isothermal fin. At
larger times, fin temperature has saturated, regardless of the fin
width, and the fin is close to the ideal, isothermal fin.

A similar analysis of the effect of fin length on effectiveness and
efficiency is discussed next. Plots of fin effectiveness and fin ef-
ficiency as functions of time for different values of fin length are
presented in Figs. 5(a) and 5(b), respectively. The fin width is taken
to be w = 0.01. Other parameters are the same as Fig. 4. Similar to
Fig. 4, these plots show that fin effectiveness rises with time and

then decreases slowly, while fin efficiency rises rapidly with time
and then asymptotes. At any time, fin effectiveness is greater for
a longer fin, which is because the base temperature gradient, and
thus the base heat flux, is larger for a longer fin, leading to a larger
effectiveness, per Eq. (19). The impact of fin length on fin temper-
ature gradient at the base is not dominant at small times, because
at small times, much of the heat entering the fin is used up into
heating the fin. This explains why, in Fig. 5(a), the curves for dif-
ferent fin lengths are nearly coincident at small times. In contrast,
fin efficiency is lower for longer fins, which is because heat takes
longer to diffuse in a longer fin, and therefore, at any given time, a
longer fin is farther away from the ideal, isothermal fin condition,
resulting in a lower fin efficiency.

4.3. Effect of Stefan number on fin effectiveness and efficiency

The effect of Stefan number on fin effectiveness and efficiency
is investigated next. The Stefan number is a key non-dimensional
parameter in phase change heat transfer and can be interpreted to
represent the strength of the forcing function, in this case, the base
temperature relative to PCM melting temperature. Fig. 6(a) plots
fin effectiveness as a function of time for multiple values of 8. The
fin length L and width wy are 0.2 and 0.005, respectively. The fin
and PCM materials are aluminum and octadecane, respectively. The
fin effectiveness curves in Fig. 6(a) exhibit different characteristics
at small and large times. First of all, consistent with Fig. 4(a), &
rises with time and then decreases slowly. However, at early times,
the fin effectiveness is larger for larger values of B, while this
trend reverses at greater times. This is because a large base tem-
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perature causes greater base heat flux through diffusion at early
times. However, at large times, the impact of 8 is diminished due
to heat accumulation in the fin. Moreover, the slowdown in heat
flux with time is greater with fin than without, due to additional
thermal resistance offered by the fin. For these reasons, the trend
reverses, and fin effectiveness becomes lower for greater § at large
times. In many cases, fin performance at large times is of particu-
lar interest. In order to quantify this, fin effectiveness at large time
(t = 1.67 x 10%) is plotted as a function of B in Fig. 6(b). For rea-
sons outlined above, fin effectiveness reduces as B increases, al-

though, the reduction is relatively minor (less than 10% reduction
when Bchanges from 0.2 to 0.8).

A similar investigation of the effect of Stefan number on fin ef-
ficiency is presented in Fig. 7. A plot of fin efficiency as a function
of time for multiple values of 8 is presented in Fig. 7(a). This plot
shows that the fin efficiency is much less sensitive to 8, compared
to fin effectiveness. There is a small reduction in fin efficiency at
large B. This is because fin efficiency is defined as the ratio of heat
flux from the actual fin and an ideal, isothermal fin. As 8 increases,
heat flux from the ideal, isothermal fin increases much faster than
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from the actual fin, due to additional heat accumulation in the ac-
tual fin, which does not occur in the ideal fin. As a result, fin effi-
ciency drops slightly as B increases. This is quantified in Fig. 7(b),
which plots fin efficiency at large time (t =1.67 x 10~4) as a func-
tion of B, showing, as expected, a small reduction as f increases.

4.4. Effect of fin thermal properties on effectiveness and efficiency

Finally, the impact of thermal properties of the fin on perfor-
mance is investigated. This is of much practical importance, in or-
der to help select appropriate fin materials for specific applica-
tions. Fig. 8(a) plots fin effectiveness as a function of time for mul-
tiple values of fin thermal conductivity, I-cf. Other parameters in-
clude L=10.2, w=0.01, 8 = 0.1885 and octadecane PCM. The four
curves plotted correspond to fin thermal conductivity values of 25,
50, 75 and 150 W/mK, respectively. As expected, Fig. 8(a) shows
that fin effectiveness improves with increasing fin thermal conduc-
tivity. This is because a larger fin thermal conductivity facilitates
greater heat diffusion into the fin, and therefore, a large base heat
flux. This is particularly valid at small times, when only limited
melting has occurred, and heat removal is still governed largely by
diffusion into the fin. At large times, the rate of heat removal be-
gins to be dominated by the melting process instead, since the fin
temperature has largely stabilized. Due to this reason, as shown
in Fig. 8(b), fin effectiveness at large times is not very sensitive
to fin thermal conductivity, except for fins with very low thermal
conductivity, which is unlikely to be implemented in practical sys-
tems.

The impact of fin thermal conductivity on fin efficiency is sim-
ilar, and in summarized in Figs. 9(a) and 9(b). Similar to fin effec-
tiveness, fin efficiency is seen to improve with increasing fin ther-
mal conductivity, because a better conducting fin results in greater
rate of diffusion and heat removal from the base, bringing the fin
closer and closer to the ideal, isothermal fin. Temperature field in a
fin with an extremely large thermal conductivity very quickly rises
from T, to Tp, and thus the fin efficiency very quickly reaches the
ideal value of 1. As plotted in Fig. 9(b), fin effectiveness is close
to one, and largely insensitive to fin thermal conductivity at large
values of the fin thermal conductivity. This may include materials
such as aluminum and copper. However, for materials with lower
thermal conductivity, such as steel, the fin efficiency is lower than
1, and is sensitive to the value of fin thermal conductivity, so that
substantial performance improvement may be expected with even
small improvements in fin thermal conductivity.

4.5. Performance of an array of fins

First of all, it can be seen from Eqs. (26) and (27) that ex-
pressions for effectiveness and efficiency of an array of fins re-
duce to corresponding expressions for the single fin case when
W =w, i.e. the entire base is covered by a single fin. Further, the
case of W >> w corresponds to an extremely thin fin, which is ex-
pected to have negligible heat transfer enhancement. As expected,
Egs. 26 and 27 show mathematically that both effectiveness and
efficiency become close to one when W >> w.

It is of interest to understand the impact of fin spacing W, rela-
tive to fin width w on fin performance. Fig. 10(a) plots effective-
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ness of an array of fins as a function of time for four different
values of fin spacing W, while all other parameters are held con-
stant (Z =0.2, w=0.005, 8 =0.1885, octadecane and aluminum
materials). As expected, effectiveness rises with time initially and
eventually becomes stable. The smaller the fin spacing, the larger
is the fin effectiveness, which is because at small spacing, more of
the surface is occupied by fins, and therefore, the overall effective-
ness is larger. As W decreases, effectiveness of the array of fins is
expected to approach the value for a single fin. This can be clearly
seen in Fig. 10(a), as well as in Fig. 10(b), which separately plots
the large time fin array effectiveness as a function of W /w for fixed
fin width w. When W reaches w, the fin array effectiveness is cor-
rectly predicted to be equal to the single fin effectiveness. Note
that W can not be lower than w.

Finally, Fig. 11 presents fin array efficiency curves for different
values of W. In this case, fin efficiency is not seen to be influenced
much by the fin spacing. This is likely because fin array efficiency
compares the performance of the fin array to that of an isothermal
array. Whether the fin is isothermal or not is not influenced by the
fin spacing W, and therefore, the curves for different values of W
shown in Fig. 11 are quite close to each other and to the single fin
efficiency curve.

5. Conclusions

The key contribution of this work is in deriving expressions
for fin effectiveness and efficiency related to thermal management
when embedded in a phase change material. This is in contrast
with well-known expressions for fin effectiveness and efficiency
for the case where the fin is surrounded by a single-phase ma-
terial such as air. Introduction of a phase change material around
the fin introduces considerable complexity in the problem, such
as the transient, non-linear nature of phase change propagation.
While single-phase fin analysis is mostly presented in steady-state
conditions, the present problem is inherently transient, which is
why much emphasis is placed in this work on understanding how
fin effectiveness and efficiency change as functions of time.
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It is important to note the key limitations and assumptions in-
herent in the theoretical model presented here. The phase change
heat transfer problem addressed in this work is non-linear, and
therefore, an exact analytical solution is not likely. Perturbation
method used in this work is an approximate analytical technique,
which is valid for small Stefan number. Other key assumptions
such as neglecting convection in the liquid phase and temperature-
independent properties are also likely to be valid for reasonably
small temperature difference.

Note that the results presented here pertain to rectangular fin
of constant cross-section. Results for other fin types, such as a cir-
cular fin or a pin fin may be derived using similar methodology -
doing so may require perturbation analysis of the relevant phase
change propagation problem. For example, in case of a pin fin,
phase change propagation around the fin will occur radially out-
wards.

The derivations discussed in this work expand the fundamental
understanding of phase change heat transfer in finned-PCM sys-
tems for thermal management. Expressions for fin effectiveness
and efficiency - for a single fin as well as an array - provide use-
ful guidelines for design and optimization of fin and PCM based
thermal management systems.
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