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Analytical investigation of bioheat transfer is of significant importance for numerous medical applica-
tions, for example in thermally-driven treatments for cancer. While bioheat transfer has been investi-
gated for a number of specific conditions, relatively less work exists on bioheat transfer in a multilayer
structure, such as skin. This paper presents an analytical solution for the steady-state Pennes bioheat
equation in a multi-layer structure. The temperature distribution in each layer is derived separately
and interface temperature and heat flux compatibility conditions are used to determine the complete
solution. This solution is used to analyze the effect of heat generation during thermal therapy on a tumor
in skin, which is modeled as a five-layer structure. The model is capable of accounting for the effects of
various therapeutic measures such as cryotherapy, laser treatment, etc. as well as various physical phe-
nomena such as conduction, blood perfusion and metabolism. The model is used to analyze the effect of
various physical parameters on the temperature distribution. This theoretical treatment, as well as the
quantitative results presented here may help improve the fundamental understanding of bioheat transfer
in a layered structure such as skin.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Heat transport in tissues is an important physical phenomenon
for both healthy and diseased tissue. A significant amount of
research in bioheat transfer over the past few decades has led to
an understanding of the governing dynamics of thermal transport
in a tissue [1–3]. A number of thermal based therapeutic measures
have been developed and adopted in practice, including laser sur-
gery, cryotherapy, magnetic nanoparticle based hyperthermia and
radio frequency ablation [4–9]. The design and optimization of
these procedures has been aided by advancements in the under-
standing of bioheat transfer. Thermal transport in a biological sys-
tem is sensitive to a number of critical parameters such as rate of
metabolism, blood perfusion and space dependent heat generation
in the presence of a tumor [2]. Hence, careful consideration should
be given to all these properties and phenomena, when studying the
nature of the temperature field in such systems.

Several models governing the flow of heat in tissues have been
proposed. A classical model was presented by Pennes in 1948 [2],
followed by several refinements and related models [3,10,11].
Detailed reviews of these bioheat transfer models are also available
[12,13]. The Pennes model is used widely due to its simplicity, but
it must be modified depending on unique attributes of the tissue
under study. This model includes the effect of heat transfer in a
biological body due to diffusion, advection, volumetric heat
generation due to metabolism and spatial heating. Diffusion and
transient thermal effects in any tissue are based on its thermo-
physical properties such as thermal conductivity, density and
specific heat. The Pennes equation accounts for blood flow through
an advection term, consisting of the thermophysical properties of
blood along with the difference between the blood temperature
and the local tissue temperature. Thermophysical properties of
blood and various tissue have been measured using a variety of
methods [14]. Some analytical work has been reported on solving
the Pennes bioheat transfer equation for specific conditions. Deng
et al. reported a closed form analytical solution for spatial and time
dependent surface or volumetric conditions using the Green’s
function method [15]. Laplace transform was used to study the
transient effects of sinusoidal heat flux on a one-dimensional
semi-infinite tissue [4]. Mahjoob and Vafai developed an analytical
model for a biological tissue, assuming a porous media with contri-
butions due to conduction between tissue and vascular system,
convective heat transfer between blood and tissue, heat generation
due to metabolism and induced surface heat flux [16]. A dual layer
biological media was also considered, and analytical solutions for
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Nomenclature

a length of tissue, m
b location of each interface from datum, m
c specific heat of blood, J/kg-K
C series coefficient used in all sections
d thickness of layer, m
D series coefficient used in a solution for case in

Section 2.2
g volumetric heat generation, W/m3

h heat transfer coefficient, W/m2-K
k thermal conductivity, W/m-K
L length of tumor region, m
m parameter defined in Eq. (2)
q heat flux, W/m2

Q heat transfer in resistor network, W
T temperature, �C
x spatial co-ordinate, m
y spatial co-ordinate, m
b eigen value in y, m�1

c eigen value in x, m�1

d factor to determine location of tumor

U source term used in a solution for case in Section 2.2
W source term used in all solutions
Z set of integers

Subscripts/superscripts
bl blood
f effect of flux boundary condition in superimposed solu-

tion
j layer
n number of terms
p number of terms
r resistor network solution
s effect of source in superimposed solution
t tumor region
sur surface
1 ambient
⁄ set of integers (Z) including zero, {0,1,2,3, . . .}
+ set of integers (Z) excluding zero, {1,2,3, . . .}
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two specific cases were discussed [17]. An analytical study of an
axisymmetric tissue-vascular system is used to analyze the effect
due to the radiofrequency ablation treatment due to volumetric
heat generation in the tissue region due to a heater probe [9].
The application of Pennes equation to magnetic fluid hyperthermia
has been studied, where a theoretical solution is presented for a
spherical tumor surrounded by a thin shell of magnetic nanoparti-
cles [7]. An analytical model was proposed to investigate the rate
of cell destruction during a freeze–thaw cryosurgical procedure,
in order to minimize damage to healthy cells [5]. Steady state tem-
perature distribution in a one dimensional cylindrical tissue has
been developed for human limbs [18]. Steady state thermal pene-
tration depth has been derived analytically using method based on
Laplace transforms [19]. Analytical solution based on the Laplace
transforms is used to solve a two-dimensional Pennes bioheat
equation for both Fourier and non-Fourier heat conduction effects
for a cylindrical skin tissue [20].

In addition to such analytical models, numerical solutions have
also been developed for scenarios where temperature solutions are
difficult to determine explicitly. Steady state temperature in breast
cancer was studied numerically through user-defined functions to
account for blood perfusion and metabolism [21]. An investigation
of minimum invasive methods such as microwave thermal therapy
was performed both numerically and experimentally, in vivo and
in vitro, to determine the extent of the tissue injury [22].
Temperature solution in a system with time-dependent spatial
heating has been studied numerically [23]. The cooling of human
brain and neck in emergency medical situations has been studied
using finite element simulations [24]. In a recent finite element
based analysis, an alternating magnetic field is applied to ferroflu-
ids to generate heat inside a tumor. The Pennes bioheat equation
was coupled with Maxwell’s equation in the finite element model
to calculate the input parameters such as the magnetic flux inten-
sity [25]. A finite difference model of the Pennes bioheat equation
was used to study the effects of cryofreezing using the immersed
boundary method [26]. Skin surface cooling based on optical win-
dow contact cooling, cryogenic spray cooling are considered for the
Pennes bioheat equation and Weinbaum–Jiji bioheat model.
Combined conduction and radiation effects are considered in
Pennes equation and the temperature field in the multilayer tissue
structure is computed numerically [27].
Finally, a number of experimental investigations of bioheat
transfer in tissue have also been reported. The different theories
involved with hyperthermia treatment were verified by
performing experiments on a large bovine kidney by turning it
into tissue phantom using alcohol fixation technique [28].
Most of these papers investigate therapy of cancerous tissue,
including electroporation-based chemotherapy [6,29,30], mag-
netic nanoparticle based heating [7,8], etc. In a recent study, a
high resolution microcomputed tomography imaging system has
been used to investigate the concentration and distribution of
injected nanoparticles. Also nanoparticle induced volumetric heat
generation rate was measured experimentally [8]. Several studies
on estimating the thermal damage potential due to Joule heating
and the importance of considering the multilayer nature of skin
tissue have also been presented [6,31,32]. In a related work,
detection of shape, size and depth of a melanoma lesion by
applying a cold stimulus at the surface has been reported [33].
In addition, an extension to Pennes bioheat equation is made to
include the effect of water evaporation during in the tissue during
laser heating. A source term is added to the Pennes bioheat equa-
tion to account for the energy required for evaporation process to
occur, based on which, a relationship for effective specific heat is
derived. Experiments on a liver tissue along with numerical solu-
tions are presented to illustrate the effect of water evaporation
from the tissue [34].

Techniques for temperature field computation during such pro-
cedures continue to be critical for design and optimization of pre-
sent and future therapies. Unique bioheat transfer phenomena may
be expected in skin due to its unique multi-layer structure and the
resulting heterogeneity in thermophysical properties and biotrans-
port parameters in the transverse direction. Recognition of the
multi-layer nature of the skin – and the resulting bioheat transfer
characteristics – is important for analyzing thermal effects in the
presence of, and in treating skin lesions and cancers. While some
work has been presented in understanding bioheat transfer in skin
[4,13], the present literature lacks analytical solutions of Pennes
bioheat equation for a multilayer structure. Analytical solutions
for multilayer structures have been proposed for other engineering
applications [35–38], however, bioheat transfer in a multilayer
structure presents additional challenges due to the complicated
nature of the governing equation. This paper presents the



Table 1
Geometrical parameters and thermophysical properties of various materials. Thermal conductivity and blood perfusion rate of tumor is assumed to be the same as papillary
dermis.

Region Thermal conductivity (W/m-K) Blood perfusion (m3/s/m3) Heat generation (W/m3) Distance from datum (m)

Muscle 0.51 [43] 0.0027 [43] 684.2 [43] 0.0025 [43]
Fat 0.185 [43] 0.00008 [43] 368.3 [43] 0.0075 [43]
Reticular dermis 0.445 [43] 0.00126 [43] 368.1 [43] 0.009 [43]
Papillary dermis 0.445 [43] 0.00018 [43] 368.1 [43] 0.01 [43]
Epidermis 0.235 [43] 0 [43] 0 [43] 0.011 [43]
Tumor 0.445 0.00018 500000 [8] 0.01

Blood: Density = 1060 kg/m3 [43], heat capacity = 3770 J/kg-K [43].
Length of the tissue (a) = 0.05 m.
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analytical derivation of temperature distribution for a
two-dimensional, five layer skin tissue in the presence of a tumor.
The Pennes bioheat equation is solved analytically for a multilayer
geometry with varying thermal properties and biotransport
parameters in the layers. Modeling the reaction term presents an
additional challenge in the analytical framework since the blood
perfusion rate varies in different layers of the tissue. Further, it is
found that the analytical treatment needs to be modified
significantly depending on the nature of the boundary condition
on top of the skin structure. In addition to different physical
boundary conditions and the reaction term, the analytical solution
also includes the effect of metabolism in every layer of the skin
tissue as a volumetric source and a spatially dependent source
term representing the tumor. Results are found to be in good
agreement with finite-element simulations. The analytical model
is used for understanding the thermal effect of heat generation in
a tumor in one of the skin layers. The effect of various thermophys-
ical and geometrical parameters is studied. Results presented
here may help improve the understanding of thermal transport
in multi-layered tissue such as skin, and in particular
contribute towards effective thermal-based therapies for skin
cancers.

2. Mathematical model

In this section, the mathematical derivation of temperature dis-
tributions in a multilayer biological body is discussed. Consider the
geometry of a five-layer skin tissue shown schematically in Fig. 1.
Numerical values for various geometrical parameters and thermo-
physical properties of the various tissue layers are listed in Table 1.
Consider the presence of a tumor of a given size in one of the lay-
ers. Heat generation in the tumor, as well as boundary conditions
of the top and bottom surfaces result in a temperature field in
the multilayer tissue. In order to determine this temperature field
analytically, the governing Pennes bioheat equation for each layer
Fig. 1. Geometry of the multi-layer biothermal transport problem considered in
this paper.
is solved separately, accounting for temperature and heat flux
compatibility at the interfaces between adjacent layers. Solutions
are derived for three specific boundary conditions. This analysis
does not consider the effect of evaporation, since the Pennes bio-
heat equation does not account for this phenomena and suitable
modifications need to made either in governing equation or surface
condition of the boundary value problem [34,39]. While the
governing equation remains the same for each case, algebraic
modifications to the source term in the governing equation are
needed to capture the effect of various terms. The governing
energy equation the temperature distribution Tj(x, y) for each layer
j is given by:

@2Tj

@x2 þ
@2Tj

@y2 �m2
j ðTj � TblÞ þ

gm;j

kj
þ dj

gt;jðyÞ
kj
¼ 0 ð1Þ

where,

m2
j ¼

wjqblcbl

kj
ð2Þ

In Eq. (1), gm,j refers to the volumetric heat generation inside a tis-
sue due to metabolism and gt,j(y) refers to inherent heat generation
in the tumor and/or heat generation due to targeted thermal ther-
apy in the tumor region. The factor dj is introduced to represent
the presence or absence of the tumor in the jth layer. wj, qbl, cbl

and kj refer to blood perfusion rate, density of blood, specific heat
of blood and thermal conductivity of tissue. The core of the skin tis-
sue is held at a constant temperature of Tbl = 37 �C, and side walls
are assumed to be adiabatic.

T1 ¼ Tbl at x ¼ 0 ð3Þ

@Tj

@y
¼ 0 at y ¼ 0; a ð4Þ

Due to the multilayer nature of the problem, additional equa-
tions are obtained from compatibility at the interface between
adjacent layers. Assuming perfect thermal contact,

Tj ¼ Tjþ1 at x ¼ bj; j ¼ f1;2;3;4g ð5Þ

kj
@Tj

@y
¼ kjþ1

@Tjþ1

@y
at x ¼ bj; j ¼ f1;2;3;4g ð6Þ

Three specific boundary conditions that model various physical
phenomena at the top of the skin are considered next.

2.1. Temperature prescribed at the top surface of skin tissue

This sub-section considers the case where a prescribed temper-
ature is applied at the top surface of the skin tissue.

T5 ¼ Tsur at x ¼ b5 ð7Þ

The solution to Eqs. (1)–(7) can be obtained by the following
superposition technique,
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Tjðx; yÞ ¼ Tj;rðxÞ þ Tj;sðx; yÞ ð8Þ

The above superposition technique is chosen in order to
account for the non-homogeneities in Eqs. (1), (3) and (7). Tj,r(x)
is the resistor network solution which accounts for the
non-homogeneities in Eqs. (3) and (7) with the governing equation
being homogeneous. Tj,s(x,y) refers to the solution due to the con-
tribution of source terms in each layer as observed in the governing
equation with all boundary conditions being homogeneous.
Substituting Eq. (8) in the governing Eqs. (1)–(7) results in the fol-
lowing set of equations for Tj,r(x):

d2Tj;r

dx2 ¼ 0 ð9aÞ

T1;r ¼ Tbl at x ¼ 0 ð9bÞ

T5;r ¼ Tsur at x ¼ b5 ð9cÞ

Similarly the Tj,s(x,y) problem is given by:

@2Tj;s

@x2 þ
@2Tj;s

@y2 �m2
j Tj;s þ

gm;j

kj
þ dj

gt;jðyÞ
kj
þm2

j Tj;bl �m2
j Tj;rðxÞ ¼ 0

ð10aÞ

T1;r ¼ Tbl at x ¼ 0 ð10bÞ

T1;s ¼ 0 at x ¼ 0 ð10cÞ

T5;r ¼ Tsur at x ¼ b5 ð10dÞ

T5;s ¼ 0 at x ¼ b5 ð10eÞ

@Tj;s

@y
¼ 0 at y ¼ 0 and y ¼ a ð10fÞ

Note that both Tj,r(x) and Tj,s(x,y) follow interface compatibility
equations similar to Eqs. (5) and (6). The solution for Tj,r(x) is
obtained using resistor network analogy [40] as follows:

Tj;rðxÞ ¼ Tj�1;rðbj�1Þ þ Q
ðx� bj�1Þ

akj
ð11Þ

where j = 1–5 and b0 = 0

Q ¼ Tsur � TblP5
j¼1

dj

kj

� � ð12Þ

where dj = bj � bj�1

The solution for Tj,s(x,y) is obtained using the method of separa-
tion of variables, starting with a general transformation,

Tj;sðx; yÞ ¼
X1
n¼0

X1
p¼1

CnpXp;j;sðxÞYn;j;sðyÞ ð13Þ

Wj;sðx; yÞ ¼
gm;j

kj
þ dj

gt;jðyÞ
kj
þm2

j Tj;bl �m2
j Tj;rðxÞ ð14Þ

Substituting Eqs. (13) and (14) into Eq. (10a) results inX1
n¼0

X1
p¼1

Cnpðc2
p þ b2

n þm2
j ÞXp;j;sðxÞYn;j;sðyÞ ¼ Wj;sðx; yÞ ð15Þ

where cp and bn are the eigenvalues. The respective ordinary differ-
ential equations in X and Y are given by,

X00j;sðxÞ
Xj;sðxÞ

¼ �c2
p 8p 2 Zþ ð16Þ

Y 00j;sðyÞ
Yj;sðyÞ

¼ �b2
n 8n 2 Zþ ð17Þ
Solutions to Eqs. (16) and (17) are obtained as follows [35]:

Xj;sðxÞ ¼ Aj;s cosðcpðx� bj�1ÞÞ þ Bj;s sinðcpðx� bj�1ÞÞ ð18Þ

Yj;sðyÞ � cosðbnyÞ; bn ¼
np
a
8n 2 Z� ð19Þ

The coefficients in Eq. (18) are obtained by using the compati-
bility condition at the interface of adjacent layers. The coefficients
are found out to be governed by recursive relations [35],

Ajþ1;s ¼ Aj;s cosðcpdjÞ þ Bj;s sinðcpdjÞ; j ¼ f1;2;3;4g ð20aÞ

Bjþ1;s ¼
kj

kjþ1
½�Aj;s sinðcpdjÞ þ Bj;s cosðcpdjÞ�; j ¼ f1;2;3;4g ð20bÞ

where the coefficient A1,s is zero. B1,s, which can be selected as
any constant, is taken as 1. The final step is to determine the
series coefficients in Eq. (15) using the orthogonality principle
[41,42]:

Cnp ¼

P5
j¼1

R a
y¼0

R bj

x¼bj�1
kj

Wj;sðx;yÞXp;j;sðxÞ
ðc2

pþb2
nþm2

j
Þ dx

� �
Yn;j;sðyÞdy

NxNy
ð21Þ

where, the respective norm integrals Nx and Ny are calculated as,

Nx ¼
X5

j¼1

Z bj

bj�1

kjX
2
p;jðxÞdx ð22Þ

Ny ¼
Z a

0
Y2

n;jðyÞdy ð23Þ

An expression for the final solution for case 2.1 is obtained by
adding the two solutions,

Tjðx;yÞ¼Tj�1;rðbj�1Þþ
ðTsur�TblÞðx�bj�1Þ

akj
P5

j¼1dj=kj

� �

þ
X1
n¼0

X1
p¼1

P5
j¼1

R a
y¼0

R bj

x¼bj�1

kjWj;sðx;yÞXp;j;sðxÞdx

ðc2
pþb2

nþm2
j
Þ

� �
Yn;j;sðyÞdy

NxNy
Xp;j;sðxÞYn;j;sðyÞ

ð24Þ
2.2. Heat flux prescribed at the top surface of skin tissue

The second case considers a prescribed heat flux applied at the
top surface of the skin tissue. The governing equations for this case
are given by Eqs. (1), (3) and (4), similar to case 2.1. In addition,
Eq. (7) in Section 2.1 is replaced by,

k5
@T5

@x

����
x¼b5

¼ qsurðyÞ ð25Þ

The solution procedure for Eqs. (1)–(6) and (25) proceeds along
similar lines as the solution in Section 2.1. However an additional
transformation is needed, wherein the core body temperature Tbl is
subtracted out from the temperature distribution:

~Tjðx; yÞ ¼ Tjðx; yÞ � Tbl ð26Þ

This results in the following equations for ~Tjðx; yÞ:

@2~Tj

@x2 þ
@2~Tj

@y2 �m2
j
~Tj þ

gm;j

kj
þ dj

gt;jðyÞ
kj
¼ 0 ð27Þ

~T1 ¼ 0 at x ¼ 0 ð28Þ

@~Tj

@y
¼ 0 at y ¼ 0 and y ¼ a ð29Þ
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@~T5

@x

�����
x¼b5

¼ qsurðyÞ=k5 ð30Þ

Similar to the previous sub-section, ~Tjðx; yÞ is split into two
components to account for the two non-homogeneities in the gov-
erning equations

~Tjðx; yÞ ¼ ~Tj;f ðx; yÞ þ ~Tj;sðx; yÞ ð31Þ

In Eq. (31), ~Tj;f ðx; yÞ accounts for non-homogeneity in the

boundary condition, Eq. (30) and ~Tj;sðx; yÞ accounts for
non-homogeneity in the governing equation, Eq. (27). Inserting
Eq. (31) in Eq. (27) we obtain the following set of equations given
by,

@2~Tj;f

@x2 þ
@2~Tj;f

@y2 �m2
j
~Tj;f ¼ 0 ð32aÞ

@2~Tj;s

@x2 þ
@2~Tj;s

@y2 �m2
j
~Tj;s þ

gm;j

kj
þ dj

gt;jðyÞ
kj
¼ 0 ð32bÞ

~Tj;sðx; yÞ can be determined using a procedure similar to Tj,s(x,y) in
the previous section, with a minor change in the value of the coef-
ficients. ~Tj;f ðx; yÞ presents additional difficulty as discussed below.
This derivation starts with the transformation

~Tj;f ðx; yÞ ¼
X1
n¼0

Dn
~Xn;j;f ðxÞYn;j ð33Þ

Substituting Eq. (33) in Eq. (32a) results in

~X00n;j;f ðxÞ
~Xn;j;f ðxÞ

þ
Y 00n;jðyÞ
Yn;jðyÞ

�m2
j ¼ 0 8 n 2 Z� ð34Þ

~Xjðx; yÞ and Yjðx; yÞ can be separated as follows:

Y 00j ðyÞ
YjðyÞ

¼ �b2
n 8 n 2 Z� ð35Þ

and

~X00j;f ðxÞ
~Xj;f ðxÞ

¼ b2
n þm2

j ¼ g2
n 8 n 2 Z� ð36Þ

Solution to the differential Eqs. (35) and (36) are given by,

YjðyÞ � cosðbnyÞ; bn ¼
np
a

8 n 2 Z� ð37Þ

~Xn;j;f ðxÞ ¼ En;j;f coshðgnðx� bj�1ÞÞ þ Fn;j;f sinhðgnðx� bj�1ÞÞ 8n 2 Z�

ð38Þ

Note that in the special case of mj = 0, i.e., zero blood perfusion
rate in layer j, gn in Eq. (36) becomes zero for n = 0. As a result, for
mj = 0 and n = 0, ~Xn;j;f ðxÞ is given by the following expression
instead of Eq. (38),

~X0;j;f ðxÞ ¼ E0;j;f ðx� bj�1Þ þ F0;j;f ; mj ¼ 0; n ¼ 0 ð39Þ

In this specific case, this scenario is encountered for the epider-
mis layer (m5 = 0) due to zero perfusion rate of blood in that layer
[43]. Heat flux and temperature compatibility at the interfaces are
used to derive expressions for the coefficients in Eqs. (38) and (39):

En;jþ1;f ¼ En;j;f coshðgndjÞ þ Fn;j;f sinhðgndjÞ;
j ¼ f1;2;3;4g; n – 0; mj – 0

Fn;jþ1;f ¼
kj

kjþ1

� �
mj

mjþ1

� �
½En;j;f sinhðgndjÞ þ Fn;j;f cosðgndjÞ�;

j ¼ f1;2;3;4g; n – 0; mj – 0

ð40aÞ
Note that for the epidermis layer, where m5 = 0, the coefficients
corresponding to n = 0 are given by

E0;5;f ¼
k4

k5

� �
m4½E0;4;f sinhðm4d4ÞþF0;4;f coshðm4d4Þ�; n¼0; m5¼0

F0;5;f ¼ E0;4;f sinhðm4d4ÞþF0;4;f coshðm4d4Þ; n¼0; m5¼0

ð40bÞ

Similar to Section 2.1, the coefficients En,1,f are zero, whereas the
coefficients Fn,1,f, which could be chosen to be any constant are
selected to be 1. The final step is to determine the series coeffi-
cients in Eq. (33), a procedure similar to Section 2.1. On substitut-
ing Eq. (33) into Eq. (32a) and then using orthogonality theorem,
the series coefficients are obtained as

D0 ¼
R a

y¼0qsurðyÞdy

k5E0;5;f
; n ¼ 0 ð41aÞ

Dn ¼
R a

y¼0qsurðyÞYn;jðyÞdy

k5
~X0n;j;f ðb5ÞNy

8 n 2 Zþ ð41bÞ

Following a procedure similar to Section 2.1 for the Tj,s(x,y)
solution, the temperature solution for the governing equation rep-
resented by Eq. (32b) for all homogeneous boundary conditions is
given by,

~Tj;sðx;yÞ¼
X1
n¼0

X1
p¼1

P5
j¼1

R a
y¼0

R bj

x¼bj�1

kjUj;sðyÞXp;j;sðxÞdx

ðc2
pþb2

nþm2
j
Þ

� �
Yn;j;sðyÞdy

NxNy
Xp;j;sðxÞYn;j;sðyÞ

ð42Þ

where, the norm integrals are similar to the integrals in Eqs. (22)
and (23) and the source term is given by,

Uj;sðyÞ ¼
gm;j

kj
þ dj

gt;jðyÞ
kj

ð43Þ

The final temperature solution for the prescribed heat flux
boundary condition at the surface of the skin tissue is given by
the following expression,

Tjðx;yÞ¼Tblþ
R a

y¼0qsurðyÞdy

k5E0;5;f

~X0j;f ðxÞ
 !

þ
X1
n¼1

R a
y¼0qsurðyÞYn;jðyÞdy

~X 0n;j;f ðb5ÞNy

~Xn;j;f ðb5ÞYn;jðyÞ

þ
X1
n¼0

X1
p¼1

P5
j¼1

R a
y¼0

R bj

x¼bj�1

kjUj;sðyÞXp;j;sðxÞdx

ðc2
pþb2

nþm2
j
Þ

� �
Yn;j;sðyÞdy

NxNy
Xp;j;sðxÞYn;j;sðyÞ

ð44Þ
2.3. Convective cooling at the top surface of skin tissue

The third scenario considered here involves convective cooling
of the top surface of the skin tissue, resulting in a boundary condi-
tion of third kind,

�k5
@T5

@x

����
x¼b5

¼ hðTðb5; yÞ � T1Þ ð45Þ

A solution for this case may be derived using a procedure sim-
ilar to Section 2.1. The only departure from Section 2.1 comes in
the resistor network solution, shown in Eq. (8). In this case, Tj,r(x)
continues to be given by Eq. (11). However, due to the additional
convective cooling term in the boundary condition at the top
surface, the expression for Q in Eq. (12) must be modified as
follows:



Table 2
Values of various parameters in the boundary conditions.

Parameter Tsur (�C) qsur (W/m2)
a/4 6 y 6 3a/4

h (W/m2K) Tbl (�C)

Parameter values 4, 17, 40 10, 80, 200 5, 100, 500 37 [13,15]
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Q ¼ T1 � TblP5
j¼1

dj

kj
þ 1

h

� � ð46Þ

where, dj = bj � bj�1, j = 1–5 and b0 = 0
Thus, Tj,r(x) is given by Eq. (11) where Q is replaced by Eq. (46).

The rest of the solution continues to be similar to the solution pre-
viously derived for Tj,s(x,y) in Section 2.1. A detailed derivation of
this case can be found in [44].
Fig. 2. Temperature distribution along the interface of papillary dermis and epidermis
simulations for (a) constant temperature, (b) constant heat flux, and (c) convective heat

Fig. 3. Contour plots of temperature distribution in a multilayer skin tissue for (a) cons
conditions discussed in Section 2.

Fig. 4. Temperature distribution along the centerline (y = a/2) for all layers as a function
boundary conditions discussed in Section 2.
Thus, in this section an analytical solution for temperature
distribution in a two-dimensional multilayer tissue is derived.
The extension of the solution to a three dimensional case is quite
straightforward, but more computationally intensive, due to the
introduction of double summations and double integrals.
3. Results and discussion

This section discusses temperature distribution in a five-layer
skin tissue computed using the analytical models discussed in
the previous section. These examples serve as tools to understand
the fundamental behavior of the problem. Previously reported
thermophysical property data for various skin layers are used
[43]. Table 2 lists the values of parameters related to the boundary
conditions analyzed here. Fig. 2(a) shows a comparison between
layer computed using the analytical model, and comparison with finite-element
transfer boundary conditions discussed in Section 2.

tant temperature, (b) constant heat flux, and (c) convective heat transfer boundary

of x (a) constant temperature, (b) constant heat flux, and (c) convective heat transfer



608 D. Sarkar et al. / International Journal of Heat and Mass Transfer 91 (2015) 602–610
the theoretical solution and a finite element simulation.
Temperature at the interface of papillary dermis and epidermis
layer is compared. In this case, the temperature is prescribed to
be 17 �C at the top surface of the skin tissue. Note that in
finite-element simulations, the –m2T term is modeled as a
temperature-dependent volumetric heat sink. Grid refinement is
carried out in order to ensure grid independence of the
finite-element simulation results. There is good agreement
between the analytical model and finite-element simulations
results, with a deviation of 0.04% between the two. Similar valida-
tion against finite-element simulations is shown in Fig. 2(b) and (c)
for constant heat flux and convective boundary conditions respec-
tively at the top surface (Sections 2.2 and 2.3 respectively). In
Fig. 2(b), a 10 W/m2 heat flux is prescribed, while in Fig. 2(c), a heat
transfer coefficient of 5 W/m2K is assumed with an ambient tem-
perature of 17 �C. Similar to Fig. 2(a), there is good agreement
between the two in these cases. The deviation between the two
occurs both due to truncation of infinite series in the model, as well
as due to discretization involved in the finite-element simulations.
In addition to comparison with finite-element simulations, residu-
als for the governing equation and boundary conditions are com-
puted and found to be very small for each case.

Fig. 3(a)–(c) present contour plots of the entire tissue region for
the three cases discussed in Section 2. Same parameters as Fig. 2
are used. These plots illustrate the temperature distribution in
the cross section of tissue under study in the presence of a tumor.
Fig. 5. Temperature distribution at the interface between papillary dermis and epidermi
temperature, (b) constant heat flux, and (c) convective heat transfer boundary condition

Fig. 6. Temperature distribution at the interface between papillary dermis and epidermis
and (c) convective heat transfer boundary conditions discussed in Section 2.
A peak temperature of 21.3, 51.1, and 46.7 �C is obtained for a
tumor region generating 500,000 W/m3 [8] under the three bound-
ary conditions. Fig. 4(a)–(c) shows the variation of temperature
distribution along x, the vertical direction through all layers.
Note that these plots are not smooth at the intersections between
layers due to the unequal thermal conductivities of the layers.

A parametric analysis is carried out to understand the effect of
various geometric and bio-transport parameters, as well as bound-
ary conditions on the temperature distribution in the multilayer
structure. The effect of heat generation rate in the tumor is consid-
ered first. Fig. 5(a)–(c) show temperature plots at the interface of
the papillary dermis and epidermis layer for different values of
the volumetric heat generation rate in the tumor, while maintain-
ing the tumor length at the half-length of the tissue. These figures
correspond to the three boundary conditions discussed in
Section 2, using the same numerical values as Fig. 2(a)–(c).
Volumetric heat generation rates considered here are within the
range of values reported in the past for magnetic nanoparticle
based thermal therapies for cancer [8]. It is found, as expected, that
the temperature at the interface increases within increasing volu-
metric heat generation strength. The peak temperature rise occurs
along the region where the tumor is present, and tapers off out-
wards. Fig. 6(a)–(c) plot the temperature distribution at the same
location, as a function of the tumor length for constant total heat-
ing strength. These figures correspond to the three boundary con-
ditions discussed in Section 2. It is found that the temperature
s layer as a function of volumetric heat generation rate in the tumor for (a) constant
s discussed in Section 2.

layer as a function of tumor size for (a) constant temperature, (b) constant heat flux,



Fig. 7. Temperature distribution at the interface between papillary dermis and epidermis layer as a function of the boundary condition for (a) constant temperature, (b)
constant heat flux, and (c) convective heat transfer boundary conditions discussed in Section 2.
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distribution widens and the peak temperature rise reduces as the
size of the tumor increases. This occurs due to the reduced volu-
metric heat generation as the tumor size increases. Fig. 7(a) pre-
sents the dependence of the temperature distribution on the top
surface temperature for the boundary condition of the first kind.
As the surface temperature at the top surface drops from 40 �C to
4 �C, a significant drop in the temperature profile at the top region
of the tumor is observed. This is expected as a larger gradient is
created when the value of the surface temperature is reduced.
The analytical model presented in Section 2 can accurately predict
the temperature around the tumor for a constant temperature
applied at the surface of skin tissue and can serve as a design tool
for various heating or cooling scenarios for skin tissue. Fig. 7(b)
presents similar results for the boundary condition of the second
kind. The tissue temperature increases with increase in the inten-
sity of the applied heat flux. This may help in designing and regu-
lating the heat intensity supplied by an external device during
therapy. The effect of convective cooling on the top surface of skin
is analyzed in Fig. 7(c) using the derived analytical solution in
Section 2.3. As the value of the convective heat transfer coefficient
increases, resulting in a shift from natural to forced convection, the
temperature at the interface of papillary dermis and epidermis
layer drops. Fig. 7(a)–(c) quantify the effect of external thermal
interventions on the temperature distribution in the multilayer
skin structure. Through the analytical derivation of the tempera-
ture distribution in the multilayer structure, these analyses may
help the design of cooling devices for athletes [45] as well as
thermal-based therapies for skin cancers.
4. Conclusion

The paper presents an analytical solution for bioheat transfer in
multilayer structure such as skin. This may be of significant tech-
nological importance since several cancer treatment therapies are
thermally driven, and since heating and cooling of skin is carried
out for various applications. The effect of heat generation within
a tumor region in the skin, as well as external boundary conditions
are accounted for in the models, which are found to be in good
agreement with finite-element simulations. Besides improving
the theoretical understanding of bioheat transport in a multilayer
structure, the results discussed here may also be useful for design
of various biomedical and biomechanics related applications for
both healthy and diseased tissue.
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