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A B S T R A C T   

Inclusion of fins in phase change energy storage systems has been widely investigated for improving the rate of 
energy storage. Despite significant past experimental research in this direction, there is a lack of comprehensive 
theoretical models for fin-based enhancement in energy storage, particularly for cylindrical geometries. This is a 
considerably challenging, non-linear problem. This paper presents a semi-analytical model for temperature 
distribution and energy storage in an annular phase change material (PCM) material around a hot cylinder in the 
presence of transverse and longitudinal fins extending into the PCM. Two distinct pathways for heat transfer into 
the PCM are analyzed separately and expressions for total heat flux into the PCM are determined for both fin 
types. The perturbation method is used for analyzing the non-linear phase change problem and determining the 
heat flux into the PCM through the fin. The dependence of total energy stored on fin thermal properties and 
geometrical parameters is determined. Results indicate key similarities and differences between cylindrical fins 
and recently-reported Cartesian fins. It is shown that even a thin fin results in considerable heat transfer 
enhancement. Results also indicate diminishing results when the fin size is further increased. Theoretical 
modeling presented in this paper improves the fundamental understanding of an important heat transfer 
enhancement strategy for phase change based energy storage systems. Results discussed here may help improve 
the practical design of finned, cylindrical phase change energy storage systems that are commonly used for 
harnessing renewable energy.   

1. Introduction 

Renewable energy technologies such as solar energy have been 
widely investigated in the past to meet the world’s energy demand with 
minimal environmental impact. The unsteady and intermittent nature of 
renewable energy, however, remains a key challenge. Thermal energy 
storage (TES) systems can play a vital role in alleviating these challenges 
by storing and releasing excess renewable energy during periods of 
availability and demand respectively [1,2]. 

Thermal energy can be stored using a variety of mechanisms, such as 
sensible heat [3], latent heat [4] and thermochemical energy [5]. 
Amongst these, latent heat storage offers advantages of compactness and 
capability of storing high amount of energy associated with the 
liquid-to-solid transition of the phase change material (PCM). However, 
due to the thermal resistance offered by the newly formed phase, the 
rate of energy storage tends to slow down over time [6]. As a result, 
enhancing the rate and magnitude of latent energy storage has attracted 
considerable research [7,8]. A large body of literature exists on possible 

enhancement mechanisms. Two broad classes of such mechanisms 
include enhancement of PCM thermal properties through dispersion of 
nano/micro-particles [9,10] and enhancement of heat transfer into the 
PCM through extended surfaces such as fins and foams [11,12]. 

For the case of heat transfer between a hot/cold cylinder of radius Ri 
and a surrounding annular bed of PCM between r ¼ Ri and r ¼ Ro, 
transverse and longitudinal fins have been commonly used for heat 
transfer enhancement. These are shown schematically in Fig. 1(a) and 
(b), respectively. Transverse fins extend throughout circumferentially, 
with a width w that is lower than the PCM width W in the axial direction. 
In contrast, longitudinal fins extend through the entire width of the 
geometry, but are limited to an angle 2ϕf in the circumferential direc-
tion. Both fin types have been investigated extensively through experi-
ments and modeling for enhancement of heat transfer into the PCM 
[13–22]. The effect of number of fins on rate of PCM solidification was 
numerically and experimentally studied in transverse and longitudinal 
configurations. It was shown that increase in number of fins decreases 
solidification time [13,14]. A similar study with constant thickness 
longitudinal fins reported that 4–5 fins offer optimal performance [15]. 
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A numerical study showed overall heat transfer increase with number of 
fins for a transverse finned storage system [16]. Groulx et al. experi-
mentally investigated melting and solidification in a cylindrical thermal 
storage system with four longitudinal fins. It was found that solidifica-
tion process is conduction-dominated throughout, but melting is 
conduction-dominated only in early stages [17]. The effect of fluid flow 
rate on melting time in a solar domestic hot water system with longi-
tudinal fins was examined experimentally [18]. The melting time is 
found to be a strong function of heat transfer fluid flow rate during the 
charging process, with no effect on the rate of solidification during the 

discharging process [18]. Measurements have been reported for the ef-
fects of heat transfer flow rate and temperature on charging and dis-
charging processes in a finned tube heat exchanger [19]. Ziskind et al. 
investigated close contact melting (CCM) effects on thermal perfor-
mance of finned latent heat energy storage enclosures numerically and 
experimentally. CCM has been reported to improve the melting rate and 
shorten the melting time by 2.5 times for both transverse and longitu-
dinally finned systems. Similar trend was demonstrated in a helical fined 
system [20–22]. A numerical study has reported that energy storage 
increased with decreasing fin pitch and increasing fin length [23]. 

Nomenclature 

c volumetric heat capacity (J/m3K) 
cf non-dimensional fin volumetric heat capacity, cf ¼

cf
cp 

H Length of cylindrical wall (m) 
k thermal conductivity (W/mK) 
kf non-dimensional fin thermal conductivity, kf ¼

kf
kp 

L fin length (m) 
Lp volumetric latent heat of fusion (J/m3) 
N fin number 
q heat absorbed per unit length (J/m) 
q non-dimensional heat absorbed, q ¼ q

ðTw � TmÞcpR2
i 

q’’
loss heat flux from fin into PCM (W/m2) 

Q’’ thermal conduction heat flux (W/m2) 

Sa non-dimensional source term, Sa ¼
q’’

lossRi

ϕf rðTw � TmÞkf 

Sr non-dimensional source term, Sr ¼
q’’

lossRi

wðTw � TmÞkf 
Ste Stefan number, Ste ¼ cpðTw � TmÞ

Lp 

t time (s) 
t non-dimensional time, t ¼ αpt

R2
i T temperature (K) 

Tm phase change temperature (K) 
Tw wall temperature (K) 
r spatial coordinate (m) 

r non-dimensional spatial coordinates, r ¼ r
Ri 

Ri inner radius (m) 
Ro outer radius (m) 
w width of transverse fin (m) 
W width of the domain for transverse fin (m) 
w;W non-dimensional fin and domain width, w ¼ w

Ri
; W ¼ W

Ri 

z spatial coordinates (m) 
z non-dimensional spatial coordinates, z ¼ z

Ri 

Greek symbols 
α thermal diffusivity (m2/s) 
αf non-dimensional fin thermal diffusivity, αf ¼

αf
αp 

βn non-dimensional eigenvalues 
θ non-dimensional temperature, θ ¼ T� Tm

TW � Tm 

ϕ angular coordinate (rad) 
φf width of longitudinal fin (rad) 
φo width of the domain for longitudinal fin (rad) 

Subscripts and superscripts 
f fin 
LS liquid solid interface 
p phase change material 
W wall 
* initial approximation  

Fig. 1. (a) Schematic cross-section view of multiple transverse fins protruding into an annular PCM bed around a cylindrical heat source; (b) Schematic top view of 
multiple longitudinal fins protruding into an annular PCM bed around a cylindrical heat source. Unit thermal cells based on symmetry are shown within broken lines 
for each case. 
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Another numerical study on energy storage in a transverse finned system 
showed that the heat storage rate and energy efficiency ratio are largely 
insensitive to fin geometry when the fin pitch is more than four times the 
inner radius height and fin length [24]. Using longer and thicker fins 
improves thermal performance of the system when the fin pitch is small 
[24]. Effects of length, thickness and number of longitudinal fins on 
charging and discharging in a triplex tube heat exchanger were inves-
tigated numerically by considering pure conduction and natural con-
vection, and the results were validated with experimental results. The 
effect of length and number of fins on the melting and freezing times was 
stronger than those of fin thickness [25,26]. An experimental study 
showed that the effective thermal conductivity of the PCM can be raised 
by up to three times by using fins in an annular storage system. It is 
found that fin size and pitch are the key parameters that affect thermal 
conductivity enhancement [27]. 

The literature survey presented above shows that optimization of a 
finned geometry for improving the rate of energy storage is of significant 
interest. As outlined above, multiple papers have investigated this 
problem through experiments or numerical simulations for specific ge-
ometries. However, there remains a distinct lack of generalized theo-
retical analysis of this problem for transverse and longitudinal fins. 
While the presence of a fin may offer extended surface area for heat 
transfer to the PCM, it also displaces PCM volume that could store en-
ergy and reduces the area of direct contact between the PCM and the 
inner wall. This may not be an important consideration – and fins are not 
needed at all – if infinite time is available for heat transfer because in 
such a case, all the PCM will melt eventually. However, for a given finite 
time window available for heat transfer, which is the case for most 
practical applications, the analysis of trade-offs between these 
competing effects is essential for understanding how the fin geometry 
affects the amount of stored energy. Some research exists on theoretical 
and numerical analysis of heat transfer in fins in Cartesian systems 
[28–32]. Past work has shown [28] that a certain fin size – the value of 
which is a function of fin thermal properties – maximizes the thermal 
benefit of the fin through a careful balance between the two processes 
described above. However, there is a lack of similar work for cylindrical 
phase change energy storage systems. For the specific case of transverse 
and longitudinal fins shown in Fig. 1(a) and (b), it is of interest to 
determine how the fin size relative to PCM, w/W and the angle 2ϕf 
respectively, affect energy storage for a given time duration. 

This paper presents analysis of heat transfer into an annular PCM bed 
from an inner heat source in the presence of transverse or longitudinal 
fins, with focus on understanding the impact of fin geometry and ther-
mal properties on the amount of energy stored. Governing equations for 
heat transfer into the PCM, both directly from the wall and through the 
fins are derived. Sensible and latent heat storage in the PCM are both 
accounted for. Based on a semi-analytical method, expressions for the 
total stored energy in the PCM for a given finite time as a function of fin 
geometry and thermal properties are derived for both transverse and 
longitudinal fins. Dependence of total stored energy in the PCM on fin 
size is investigated. 

2. Theoretical model 

This section develops theoretical models for heat transfer from a 
constant temperature cylinder into a surrounding, annular PCM bed. 
Specifically, the effect of two types of fins between the inner and outer 
radii, Ri and Ro respectively, is captured in these models. As shown in 
Fig. 1(a), transverse fins go all around circumferentially, with a width w 
that is lower than the width W of the thermal unit cell. In contrast, as 
shown in Fig. 1(b), longitudinal fins extend through the entire height of 
the geometry, but not in the circumferential direction. Given a fixed 
total number of longitudinal fins, the angular width of each fin 2ϕf is an 
important design parameter, similar to w for the transverse fins. In 
general, as w or ϕf increases, in the cases of transverse and longitudinal 
fins, respectively, the area of direct contact between PCM and wall 

reduces, which inhibits the total amount of direct heat transfer to the 
PCM in a given total time. However, this also results in greater tem-
perature rise in the fin itself, which provides an additional path for heat 
transfer into the PCM. Therefore, the effect of w or ϕf on overall heat 
transfer is important to quantify. Note that this is an interesting problem 
only for a given, finite amount of time available for heat transfer. At 
infinite time, all of the PCM will melt and reach the wall temperature, 
and therefore, presence of any fin material is undesirable as it reduces 
the volume of PCM available and hence the total amount of heat stored. 

The next two sub-sections consider geometries with transverse and 
longitudinal fins, respectively, and derive governing equations for the 
fin temperature distribution and expressions for the total heat stored in 
terms of the fin temperature distribution. In each case, the total heat 
transfer into the PCM is written as the sum of two distinct modes of heat 
transfer due to two independent, non-overlapping propagation fronts – 
heat transfer directly from the wall to the PCM, and heat transfer into the 
PCM indirectly through the fin. 

2.1. Transverse fin 

In this case, transverse fins extending throughout the circumferential 
direction and between r ¼ Ri to r ¼ Ro in the radial direction are 
considered. The fin pitch and fin width in the axial direction are taken to 
be 2W and 2w, respectively, so that heat transfer analysis can be 
simplified by modeling an axisymmetric unit cell, as shown in Fig. 2(a). 
Both fin and PCM are assumed to be at PCM melting temperature Tm 
initially. Note that k and c denote thermal conductivity and volumetric 
heat capacity, respectively. Subscripts f and p denote fin and PCM, 
respectively. Lp represents latent heat of PCM. All properties are 
assumed to be independent of temperature. Total heat absorbed by the 
PCM up to time, t, q(t) comprises two distinct components –heat 
absorbed by the PCM directly from the width (W-w) of the heat source, 
q1(t), and heat absorbed by the PCM from the fin, q2(t). 

These components are shown in Fig. 2(a). The first component, q1(t), 
depends only on the cylinder temperature (Tw-Tm) and PCM properties. 
On the other hand, the second component, q2(t), depends additionally 
on fin properties because it is governed by the extent of thermal diffu-
sion into the fin. q1(t) and q2(t) independently initiate and propagate 
melting fronts in r and z directions, respectively. Neglecting the small 
region near the origin where these two fronts merge, one may determine 
q1(t) and q2(t) independently. Such a simplifying assumption of inde-
pendent phase change fronts is commonly made to simplify two- 
dimensional phase change problems [28,29,33]. Expressions for q1(t) 
and q2(t) are now derived separately. 

2.1.1. q1(t) for transverse fin 
The q1(t) component can be determined by solving the problem of 

phase change propagation into an infinite PCM from a constant tem-
perature cylinder of radius Ri. While similar to the classical Stefan 
problem in Cartesian coordinates, this problem does not appear to have 
an exact analytical solution. Parhizi & Jain [34] have presented a so-
lution for this problem based on perturbation method. Referring to the 
non-dimensionalization summarized in the Nomenclature section, the 
location of the solid-liquid interface location, rLS as a function of 
non-dimensional time t is given by the following inverse relationship 

t¼
�
ð2ðrLSðtÞÞ2 logrLSðtÞ þ 1Þ

4
þ

Ste
4 logrLSðtÞ

�
ðrLSðtÞÞ

2 logrLSðtÞþ logrLSðtÞ

� ðrLSðtÞÞ2þ 1
�
þ

Ste2

128ðrLSðtÞÞ2 logrLSðtÞ

�
ðrLSðtÞÞ4

�
8ðlogrLSðtÞÞ3

� 20ðlogrLSðtÞÞ2þ 21 logrLSðtÞ � 8
�
� 16ðrLSðtÞÞ2ðlogrLSðtÞ � 1Þ

� 5 logrLSðtÞ � 8
�
�

(1) 

Consequently, the total heat absorbed by the PCM directly from the 

A. Mostafavi et al.                                                                                                                                                                                                                              



International Journal of Thermal Sciences 153 (2020) 106352

4

cylinder wall, q1(t), considering the reduced area of direct contact due to 
the presence of the fin, as shown in Fig. 2(a), is given by differentiating 
the temperature distribution in the PCM at the interface r ¼ Ri [34]. The 
final result is 

q1ðtÞ ¼ � 2
�

1 �
w
W

�Z t

0

�
∂θp

∂r

�

r¼Ri

dt¼
Z t

0
� 2
�

1 �
w
W

�
  
ð10ðrLSðtÞÞ4 þ 8ðrLSðtÞÞ2 � 6Þ

64ðrLSðtÞÞ4ðlogrLSðtÞÞ4

�
ð5ðrLSðtÞÞ2 � 1Þ2

16ðrLSðtÞÞ4ðlogrLSðtÞÞ7
�
ð56ðrLSðtÞÞ4 þ 24ðrLSðtÞÞ2 þ 44Þ

128
�
rLSðtÞÞ4ðlogrLSðtÞÞ5

þ
ððrLSðtÞÞ2 � 1Þð71ðrLSðtÞÞ2 þ 71Þ

128ðrLSðtÞÞ4ðlogrLSðtÞÞ6

!

Ste2

þ

�
ððrLSðtÞÞ2 � 1Þ

4ðrLSðtÞÞ2ðlogrLSðtÞÞ4
�

ððrLSðtÞÞ2 þ 1Þ
4ðrLSðtÞÞ2ðlogrLSðtÞÞ3

�

Ste �
1

logrLSðtÞ

!

dt

(2)  

2.1.2. q2(t) for transverse fin 
The second pathway for heat transfer into the PCM is through the fin. 

Since the fin itself is at the melting temperature initially and only heats 
up over time due to transient thermal diffusion, this is a more compli-
cated problem than q1(t). In this case, q2(t) depends on the fin tem-
perature distribution θf ðr; tÞ. In addition to axisymmetry, the fin is also 
assumed to have no thermal gradient in the axial direction, which is 
justified by the thin nature of the fin compared to its length. In such a 
case, as shown in Fig. 2(b), energy balance of an infinitesimal element of 
the fin with width w and radial size dr is considered. In addition to 
thermal conduction into and out of this element, heat loss to the PCM 
occurs from the top surface. Using Fourier’s law, energy balance for this 
element can be used to derive a governing partial differential equation 
for the fin temperature 

cf

kf

∂θf

∂t
¼

1
r

∂
∂r

�

r
∂θf

∂r

�

� Sr (3)  

where Sr represents heat loss to the surrounding PCM. Sr is related to the 
gradient of the PCM temperature distribution θpðr; tÞ at the wall. 
Therefore, θpðr; tÞ must be determined in order to proceed. Recognizing 
that the fin temperature itself changes over time, this is a problem of 
one-dimensional phase change propagation from a wall with time- 
dependent wall temperature. A solution for this problem is available 
based on perturbation method [35,36]. The PCM temperature can be 
written as a power series involving the Stefan number. 

θpðr; z; tÞ ¼ θ0ðr; z; tÞþ Ste ⋅ θ1ðr; z; tÞ þ ðSteÞ2⋅θ2ðr; z; tÞ (4)  

where θ0, θ1 and θ2 can be shown to be functions of the fin temperature 
distribution as follows 

θ0ðr; z; tÞ¼ θf

�

1 �
z

zLS

�

(5)  

θ1ðr; z; tÞ¼
1
6
θf

�
z

zLS

��
z

zLS
� 1
��

θf

�
z

zLS
þ 1
�

�
θ’

f

z’
LS

zLS

�
z

zLS
� 2
��

(6)  

θ2ðr; z; tÞ ¼ �
1

360
θf

�
z

zLS

��
z

zLS
� 1
��

θ2
f

�
z

zLS
þ 1
��

9
�

z
zLS

�2

þ 19
�

þ 10
� θ’

f

z’
LS

�2

z2
LS

�
z

zLS
þ 4
�

þ 5θf
θ’

f

z’
LS

zLS

�

3
�

z
zLS

�2

þ 5
�

z
zLS

�

þ 17
��

(7) 

As a result, an expression for Sr in equation (3) can be written as 

Fig. 2. (a) Schematic of two melting fronts within the unit cell for transverse fin thermal analysis; (b) Schematic of an infinitesimal fin element for deriving governing 
energy conservation equation for temperature distribution in transverse fin. 

A. Mostafavi et al.                                                                                                                                                                                                                              



International Journal of Thermal Sciences 153 (2020) 106352

5

Sr ¼
1

kf w

2

6
6
6
6
6
6
6
4

θf

zLS
þ Ste

θf

�

θf þ 2
θ’

f

z’
LS

zLS

�

6zLS
�

ðSteÞ2
θf

�

40
� θ’

f

z’
LS

�2

z2
LS þ 85θf

θ’
f

z’
LS

zLS þ 19θ2
f

�

360zLS

3

7
7
7
7
7
7
7
5

(8)  

where the location of the melting front originating from the transverse 
fin surface, zLS is given by [35,36]. 

zLSðr; tÞ¼

2

42Ste
Z t

0
θf ðr; τÞ

�

1 �
Ste
3

θf ðr; τÞ þ
7
45
ðSteÞ2θf ðr; τÞ2

�

dτ

3

5

1
2

(9) 

Note the primes in equations (6)–(8) represent derivatives with 
respect to time. Equations (8) and (9) determine heat loss from a given 
radial location on transverse fin surface at any given time in terms of the 
prior fin temperature history at that location and PCM thermal 
properties. 

A complete partial differential equation in θf ðr; tÞ can be derived by 
combining equations (3) and (8) as 

cf

kf

∂θf

∂t
¼

1
r

∂
∂r

�

r
∂θf

∂r

�

�
1

kf w

2

6
6
6
6
6
6
6
4

θf

zLS
þ Ste

θf

�

θf þ 2
θ’

f

z’
LS

zLS

�

6zLS
�

ðSteÞ2
θf

�

40
� θ’

f

z’
LS

�2

z2
LS þ 85θf

θ’
f

z’
LS

zLS þ 19θ2
f

�

360zLS

3

7
7
7
7
7
7
7
5

(10) 

Boundary and initial conditions associated with equation (10) must 
be defined. The fin temperature equals the cylinder wall temperature at 
fin base, r ¼ 1. Adiabatic boundary condition applies at fin tip, r ¼ Ro

Ri
. 

Finally, the fin temperature θf ðr;0Þ is 0 initially. Equations (11)–(13) 
express these requirements mathematically: 

θf ð1; tÞ¼ 1 (11)  

�
∂θf

∂r

�

r¼R0

¼ 0 (12)  

θf ðr; 0Þ¼ 0 (13) 

Equation (10) contains only the fin temperature and is uncoupled 
from the PCM temperature. In principle, a solution of equation (10) can 
be used to determine q2ðtÞ, the total heat flux into the PCM from the fin 
surface as follows 

q2ðtÞ ¼
2
W

Z t

0

Z Ro

Ri

�
∂θp

∂z

�

z¼0

rdrdt¼
2
W

Z t

0

Z Ro

Ri

2

6
6
6
6
6
6
6
4

θf

zLS
þ Ste

θf

�

θf þ 2
θ’

f

z’
LS

zLS

�

6zLS
�

ðSteÞ2
θf

�

40
� θ’

f

z’
LS

�2

z2
LS þ 85θf

θ’
f

z’
LS

zLS þ 19θ2
f

�

360zLS

3

7
7
7
7
7
7
7
5

rdrdt

(14) 

However, it is very challenging to solve equation (10) explicitly due 
to the complicated and non-linear nature of the source term. A time-
stepping approach for solving equation (10) is discussed in section 2.3. 

Heat transfer analysis of a longitudinal fin is discussed next. 

2.2. Longitudinal fin 

This sub-section considers longitudinal fins that extend through the 
axial coordinate, but not in the circumferential direction, as shown in 
the top view in Fig. 1(b). The number of fins is assumed to be constant 
and distributed evenly around the periphery of the cylinder, so that the 
angle ϕo in Fig. 1(b) is fixed. Based on symmetry in the problem, the unit 
cell in the circumferential direction that can be considered for analysis 
denoted in Fig. 1(b) and shown in detail in Fig. 3(a). Similar to the 
traverse fin analysis, it is assumed that fin temperature distribution is 
one dimensional, in this case, radial. This is a reasonable assumption 
when fin width ϕf∙Ro is small compared to the fin length Ro-Ri. 

The goal of analysis presented in this section is to determine the 
effect of fin size ϕf on the total heat absorbed by the PCM in a given time. 
Similar to the transverse fins considered in section 2.1, there may be a 
distinct trade-off here between reduced area of direct PCM-cylinder 
contact and greater thermal conduction into the fin as a result of 
increasing the fin size. The specific nature of the trade-off, of course, 
depends on the various non-dimensional parameters that govern the 
problem, and must be carefully analyzed through modeling. 

Similar to the case of transverse fins, the two components of heat 
transfer into the PCM are evaluated next. 

2.2.1. q1(t) for longitudinal fins 
Analysis for determining the heat transfer directly from the cylinder 

to the PCM can be carried out using the one-dimensional Stefan problem 

Fig. 3. (a) Schematic of two melting fronts within the unit cell for longitudinal 
fin thermal analysis; (b) Schematic of an infinitesimal fin element for deriving 
governing energy conservation equation for temperature distribution in longi-
tudinal fin. 
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with constant wall temperature, similar to the transverse fin case in 
section 2.1.1, with the only difference being the base area. In this case, 
q1ðtÞ is given by: 

q1ðtÞ¼
�ϕf

π �
1
N

�Z t

0

�
∂θp

∂r

�

r¼Ri

dt¼
Z t

0

�ϕf

π �
1
N

�

  
ð10ðrLSðtÞÞ4þ8ðrLSðtÞÞ2 � 6Þ

64ðrLSðtÞÞ
4
ðlogrLSðtÞÞ

4 �
ð5ðrLSðtÞÞ2 � 1Þ2

16ðrLSðtÞÞ
4
ðlogrLSðtÞÞ

7

�
ð56ðrLSðtÞÞ4þ24ðrLSðtÞÞ2þ44Þ

128
�
rLSðtÞÞ4ðlogrLSðtÞÞ5

þ
ððrLSðtÞÞ2 � 1Þð71ðrLSðtÞÞ2þ71Þ

128ðrLSðtÞÞ
4
ðlogrLSðtÞÞ

6

!

Ste2

þ

�
ððrLSðtÞÞ2 � 1Þ

4ðrLSðtÞÞ2ðlogrLSðtÞÞ4
�

ððrLSðtÞÞ2þ1Þ
4ðrLSðtÞÞ2ðlogrLSðtÞÞ3

�

Ste�
1

logrLSðtÞ

!

dt

(15)  

where N is the total number of fins in the circumferential direction. N is 
assumed to be fixed in this analysis. 

2.2.2. q2(t) for longitudinal fins 
Analysis for determining the heat transfer into PCM through a lon-

gitudinal fin is also similar to the transverse fin case presented in section 
2.1.2, but with some key differences. Mainly, the infinitesimal element 
to be considered for deriving the partial differential equation for the 
temperature distribution θf ðr; tÞ has a different shape . Unlike the pre-
vious case, this element now subtends in the circumferential direction, 
as shown in Fig. 3(b). Assuming thermal uniformity in the circumfer-
ential direction, which is valid as long as ϕf∙Ro is smaller than fin size Ro- 
Ri, the governing energy conservation equation can be written as 

cf

kf

∂θf

∂t
¼

1
r

∂
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�

r
∂θf

∂r

�

� Sa (16)  

where Sa accounts for heat loss into the PCM. 
Similar to the transverse fin case, Sa can be determined by ac-

counting for phase change propagation into the PCM due to time- 
dependent temperature boundary condition at the fin base. A key dif-
ference is the area of contact between the fin element and PCM. Using 
the temperature solution based on perturbation method, an expression 
for Sa can be derived as 

Sa¼
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(17) 

This assumes that melting front location zLS, derived by equation (9) 
for transverse fins can also be used for longitudinal fins in the circum-
ferential direction. This is a reasonable assumption as long as the fin 
angle ϕf is small. 

Combining equations (16) and (17), a partial differential equation 
for the fin temperature distribution may be derived as 
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(18) 

Following the determination of the fin temperature distribution from 
equation (18), the heat loss into the PCM, q2(t) can be written as 
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(19) 

This completes the derivation of the two components of heat transfer 
into the PCM for the longitudinal fin. 

Calculation of total heat transfer into the PCM requires determina-
tion of the fin temperature distribution by solving the governing energy 
equation, which in both cases discussed above, are complicated partial 
differential equations. Since an analytical solution for these equations is 
unlikely, a timestepping approach for evaluating the temperature dis-
tribution is discussed in the next section. 

2.3. Timestepping approach for determining fin temperature distribution 

While difficult to solve exactly equations (10) and (18) are quite 
amenable to numerical computation based timestepping. A key chal-
lenge, similar to Cartesian fins [28], is the singularity at t ¼ 0 in the 
source terms, which results in difficulties in the initial timestepping. An 
approximation is made in order to overcome this challenge. Heat 
transfer into the fin from t ¼0 up to a small time t* is assumed to occur 
without heat loss into the PCM. This may be a reasonable approximation 
for small values of t*, up to which, the propagation of phase change 
front, and hence the area of contact between the fin and PCM is small. 
This is a helpful approximation because neglecting heat loss to the PCM 
in equations (10) and (18) reduces these equations to standard thermal 
conduction problems, which can be solved to provide temperature dis-
tribution in the fin at t¼t*. Following this, the timestepping approach, 
including the effect of heat loss to the PCM can be carried out, because 
there is no singularity in the governing equation for t>0. The value of t* 

clearly needs to be chosen to be small enough to minimize the error 
involved in neglecting heat transfer to the PCM up to t¼t*. 

Based on the assumption of neglecting heat transfer into the PCM, 
analytical expressions for fin temperature distribution at t¼t* can be 
determined by using the method of separation of variables. For both 
transverse and longitudinal fins, the result is 

θ*
f ðr; t

*
Þ¼ 1 � 2

X∞
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exp
�

�
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βn
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(20)  

where 

Cn¼ βn

��
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and βn are roots of the transcendental equation 

Y1ðxÞJ0

�
x

Ro

�

� J1ðxÞY0

�
x

Ro

�

¼ 0 (22)  
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3. Results and discussion 

3.1. Model validation 

Comparison with finite element simulation is first carried out in 
ANSYS-CFX to validate the analytical models presented in section 2. In 
this case, the system presented in Fig. 2(a) is considered with aluminum 
transverse fin and octadecane PCM. Melting point, density, heat ca-
pacity, thermal conductivity and latent heat of the PCM are taken to be 
28 �C, 780 kg/m3, 2300 J/kgK, 0.15 W/mK and 244,000 J/kg, respec-
tively, corresponding to properties of octadecane, a commonly used 
PCM [37]. Standard thermal properties are assumed for aluminum. 
Temperature of the inner wall is maintained at 20 K above the phase 
change temperature of the PCM. 

The finite-element simulation determines the fin and PCM temper-
ature distributions as well as the phase change propagation using the 
enthalpy method, where the PCM is defined as a homogenous binary 
mixture of solid and liquid phases. The PCM is assumed to initially be 
completely solid. The quadrilateral/triangular mesh in the simulation is 
swept in circumferential and axial directions for transverse and longi-
tudinal fin configurations respectively. Grid independence analysis is 
carried out to show that variation in predicted temperature is negligible 
beyond 232,128 and 696,384 nodes in the fin and PCM, respectively. 

Fig. 4(a) shows a comparison of predicted fin temperature 

distribution between the model presented in section 2.1 and the finite 
element simulation at multiples times. In addition, comparison of the 
phase change interface location computed with analytical model and the 
finite element simulation is shown in Fig. 4(b). There is good agreement 
between the analytical model and finite element simulation for both 
temperature distribution and phase change interface. The worst-case 
deviation between the analytical model and finite-element simulation 
is 1.2% and 3.5% for data shown in Fig. 4(a) and (b), respectively. Note 
that in this case, a small value of t* ¼ 2:09� 10� 4, equivalent to 0.05% 
of the total time is used. A small value of t* is needed to minimize error 
due to the initial approximation. 

In addition, the analytical model presented in this work is also 
compared with experimental data reported by Sasaguchi et al. [38]. 
Fig. 5 plots non-dimensional heat flux as a function of time and com-
pares the analytical model and past experimental data for solidification 
of n-Eicosane contained in an annular region around a cold inner cyl-
inder wall with four longitudinal fins. Fig. 5 carries out this comparison 
for two different wall temperatures for which Sasguchi et al. [38] re-
ported measurements. Thermal properties of the PCM and fin are taken 
from the past work [38]. Non-dimensionalization is carried out similar 
to other results in the present work. Fig. 5 shows good agreement be-
tween the present analytical model and the past experimental work for 
both cases, thereby providing additional validation of the present work. 
Please note that the present work ignores convective heat transfer effects 
and assumes constant thermal properties, which may contribute to the 
small disagreement between modeling and measurements. Further, the 
fins used by Sasaguchi et al. appear to have constant thickness, whereas 
the fin thickness in the present work increases radially outwards, which 
may also be a source of disagreement between the two. 

3.2. Effect of fin size on heat stored 

Total heat transfer into the PCM in a transverse finned system, qt, 
along with its two components q1 and q2 are shown in Fig. 6(a)–(f) as a 
function of w=W for six different values of fin thermal conductivity kf . 
The total time is t ¼ 0:418. q1 and q2 are calculated by equations (2) and 
(14), respectively. For comparison, the total heat stored in the absence 
of fins is 4.98 in non-dimensional form. Fig. 6 shows that as 
w=Wincreases, heat transfer from fin surface into the PCM, q2, improves 
due to greater thermal diffusion into the fin. As a result, q2 increases 
sharply with w

W 
for small values of w

W
, but saturates at larger values. On 

the other hand, a higher value of w=W results in lower area of direct 
contact between the wall and the PCM. This contributes to reduced heat 
transfer from the wall into the PCM, q1, as seen in Fig. 6(a)–(f). For any 
given fin thermal conductivity, total heat absorbed by the PCM, given by 

Fig. 4. Validation of theoretical models by comparison with finite-element simulations: (a) Temperature distribution and (b) phase change front location at multiple 
times for a transverse fin with W ¼ 2, w ¼ 0.5, L ¼ 4, Ste ¼ 0.19, kf ¼ 1580, cf ¼ 1.36. 

Fig. 5. Validation of the analytical model by comparison of predicted heat flux 
as a function of time with past experimental measurements [38] for solidifi-
cation of n-Eicosane with four fins around a cold, 45 mm diameter cylinder for 
two different wall temperatures. 
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the sum of q1 and q2, does not change considerably with fin width 
beyond a certain value of w=W. As a result, there is no thermal benefit in 
increasing the fin width beyond a minimum value. This clearly advo-
cates for placing thin transverse fins. 

Fig. 7(a) plots the total heat stored for all thermal conductivities on 
the same plot, and clearly shows, as expected, that the higher the fin 
thermal conductivity, the larger is the total heat absorbed in the PCM. 
Due to the saturation effect of w=W on total heat stored, it is useful to 
define ðw=WÞmin as the value of w=W that results in 98% of the maximum 
possible total heat stored. From a practical perspective, this may be 
viewed as the recommended fin size, beyond which, there is little 
additional thermal benefit. The dependence of ðw=WÞmin on fin thermal 
conductivity is shown in Fig. 7(b). This Figure shows a shift in the 
location of ðw=WÞmin towards lower values when thermal conductivity of 
the fin increases. This occurs because, as the fin thermal conductivity 
increases, the fin thermal resistance decreases, and therefore, fin tem-
perature saturates at lower (ðw=WÞmin values. Fig. 7(b) shows that 
improving fin thermal conductivity reduces the need for thick fin, but 
this effect does saturate quickly at high values of fin thermal 

conductivity. It is very important in practical fin design to consider the 
relationship between the peak stored energy, fin thermal conductivity 
and fin size, since selecting a thicker fin does not increase total stored 
energy. 

Similar results for longitudinal fins are shown in Fig. 8. In the case of 
four equally distributed longitudinal fins, the total heat absorbed by the 
PCM does not change significantly with fin width ϕf. The heat trans-
ferred from fin to PCM, q2 remains nearly constant with ϕf, whereas q1 
decreases linearly with ϕf as contact area between inner cylinder and the 
PCM decreases when fin size increases. This shows that even a very thin 
fin sufficiently promotes heat transfer. Therefore, fin insertion is 
important, but changes in fin size do not significantly affect thermal 
performance. Fig. 9 presents the dependence of total heat absorbed by 
the PCM on fin width for different longitudinal fin thermal conductivity 
values. This dependence is seen to be weaker than the transverse fin 
case. 

While the total energy stored for the case of Cartesian fins has been 
shown to be highly dependent on fin size [28], Figures (6-9) show that 
the same is not the case for transverse or longitudinal fins. Nevertheless, 
fin insertion is still a very effective mechanism for increasing energy 

Fig. 6. Heat absorbed by the PCM up to t ¼ 0.418 as a function of fin size w
W 

for six different fin thermal conductivities in transverse configuration with W ¼ 2, L ¼ 4, 
Ste ¼ 0.19, cf ¼ 1.36. Both components of heat absorbed are shown. 

Fig. 7. (a) Plot of qtotal up to t ¼ 0.418 as a function of fin size w
W 

for different values of fin thermal conductivity for the case of transverse fin with W ¼ 2, L ¼ 4, Ste ¼
0.19,cf ¼ 1.36; (b) Minimum value of w

W 
needed to reach within 98% of the best possible heat absorbed, as a function of fin thermal conductivity. 
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storage capability of cylindrical systems. Even with a thin fin, energy 
stored is much higher than no fin at all. However, choosing large-sized 
fins does not necessarily improve thermal performance. Inserting large 
fins may also not be attractive from the perspective of system weight and 
cost. 

Typically fins are high thermal conductivity materials with kf in the 
range of 333 up to 2666, with octadecane as the PCM. This work shows 
that in a system with transverse fins, the optimal fin size is almost in-
dependent of fin thermal conductivity for conductivities beyond 1500, 
as seen in Fig. 7(b). On the other hand, the optimal fin size depends 
strongly on fin thermal conductivity in the lower range of thermal 
conductivity. On the other hand, the maximum stored thermal energy in 
a system with longitudinal fins is not a strong function of fin size. 

3.3. Effect of time available for heat transfer 

Total time available for heat transfer in the system is a very impor-
tant factor in determining effectiveness of the fin geometry. Clearly, the 
entire PCM will reach the wall temperature in the unlikely case of 
infinite time being available for heat transfer. In such a case, fin inser-
tion is clearly counterproductive, since the presence of fins only reduces 
PCM volume, and consequently the total amount of energy stored. For 
most practical applications, where only a finite time is available, 
inserting fins is indeed beneficial. Fig. 10 presents variation in ðw=WÞmin 
with total heat transfer time for transverse fins. A similar trend has been 
reported for Cartesian fins [28]. Clearly, the larger the available time, 
the smaller is the fin width needed for heat transfer enhancement. As 
time passes, the role of the fin in providing extended surface and addi-
tional heat transfer pathway shrinks, and therefore, a larger fin becomes 
less and less attractive. 

Fig. 8. Heat absorbed by the PCM up to t ¼ 1.6722 as a function of fin size ϕf for six different fin thermal conductivities in longitudinal configuration with ϕo ¼

0.7854, L ¼ 3, Ste ¼ 0.19, cf ¼ 1.36. Both components of heat absorbed are shown. 

Fig. 9. Plot of qtotal at t ¼ 1.6722 as a function of fin size ϕf for different values 
of fin thermal conductivity for the case of longitudinal fin with ϕo ¼ 0.7854, L 
¼ 3, Ste ¼ 0.19, cf ¼ 1.36. 

Fig. 10. Effect of total time available for heat transfer on the minimum fin 
width to reach within 98% of maximum possible heat stored for a transverse fin 
configuration, with W ¼ 2, L ¼ 4, Ste ¼ 0.19, kf ¼ 1333, cf ¼ 1.36. 
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Fig. 11. Effect of t* on the accuracy of computed temperature distribution for case of (a) transverse fin at t ¼ 0.209 and W ¼ 2, w ¼ 0.5,L ¼ 4, Ste ¼ 0.19, kf ¼ 1580, 
cf ¼ 1.36 (b) longitudinal fin at t ¼ 0.8361 and ϕo ¼ 0.7854, L ¼ 3, Ste ¼ 0.19, cf ¼ 1.36. Results from finite-element simulation are also shown for comparison. 

Fig. 12. Temperature colormap determined from finite-element simulations at different times for (a) transverse fin with W ¼ 2, w ¼ 0.5, L ¼ 4, Ste ¼ 0.19, kf ¼ 1580, 
cf ¼ 1.36. and (b) longitudinal fin with ϕf ¼ 0.087, ϕo ¼ 0.7854,L ¼ 3, Ste ¼ 0.19,kf ¼ 1580, cf¼1.36. 
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3.4. Effect of t* 

As discussed in section 2.3, an approximation is used to initiate the 
time stepping process due to the singularity in equations (10) and (18) at 
t ¼ 0. This approximation ignores heat transfer into the PCM from the fin 
up to a short time t*. Clearly, the error introduced by this approximation 
must be understood, and a maximum tolerable value of t* must be 
determined for a given acceptable error. Fig. 11(a) and (b) present fin 
temperature distribution for transverse and longitudinal configurations 
at t ¼ 0.209 and t ¼ 0.8361 respectively for multiple values of t*. For 
comparison, finite element simulation results are also presented. These 
Figures show that in both cases, the approximation error reduces as t* 

decreases. These plots establish the maximum value of t* for a given 
error level for a specific set of parameters. 

A key assumption underlying the analysis presented here is that the 
two phase change fronts develop independent of each other, for both 
transverse and longitudinal fins. This assumption enables the indepen-
dent determination of q1 and q2. In order to verify the validity of this 
assumption, fin and PCM temperature distributions are computed using 
finite-element simulations for both transverse and longitudinal fins. 
Temperature distributions for the two cases are shown in Fig. 12(a) and 
(b), respectively, at multiple times. Heat diffusion from inner cylindrical 
wall into the PCM, q1, and heat diffusion from fin surface into the PCM, 
q2, can be seen in the form of two independent phase change propaga-
tion fronts in these figures. Except for a small region close to the fin-wall 
interface, the two fronts do not interact much with each other. This 
justifies a key assumption behind the analysis in Section 2 that inde-
pendently accounted for the contributions of the two fronts towards 
total energy stored. 

4. Conclusions 

The highly non-linear and transient nature of heat transfer in phase 
change energy storage systems presents formidable difficulties in theo-
retical analysis. This work presents a semi-analytical approach for 
solving this problem for transverse and longitudinal fins that are 
commonly used for heat transfer enhancement. Results show key simi-
larities and differences between cylindrical fins and Cartesian fins 
studied in the recent past. For example, similar to Cartesian fins, it is 
shown that presence of fins increases thermal energy stored in the PCM 
significantly for both transverse and longitudinal fins for a given time. 
However, in contrast with Cartesian fins, the amount of stored energy is 
not a strong function of fin size. A key conclusion of the present work is 
that in general, even a thin fin provides excellent heat transfer 
enhancement, and that larger fins offer only diminishing returns. The 
underlying physics behind this process includes two conflicting effects of 
fin width on heat transfer components to the PCM, one indirectly 
through the fin and the other directly from the inner tube in contact with 
PCM were evaluated. The theoretical results presented here have several 
important practical applications. By quantifying the impact of fin ge-
ometry on heat transfer enhancement, the results presented here may 
help in geometrical optimization of phase change energy storage sys-
tems. The insights that even a small-sized fin results in significant benefit 
and that further increasing the fin size results in very little incremental 
benefit are both helpful for practical designers. The impact of available 
time window for heat transfer on the fin size is also an important 
consideration in practical designs. 
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