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a b s t r a c t

Phase change heat transfer is used commonly for enhanced thermal management and energy storage in
several engineering applications. The rate of heat transfer from a heat source into a phase change material
(PCM) is limited by thermal properties and geometry, due to which, the use of metal fins protruding into
the PCM has been investigated. This paper derives and solves the governing energy conservation equa-
tions to determine the transient temperature distribution in the PCM due to the presence of a
Cartesian fin. A perturbation method based solution for the Stefan problem with time-dependent temper-
ature boundary condition is used to derive an equation for the fin temperature distribution. Results show
that for a given total time available for heat transfer into the fin, the presence of a fin results in two com-
peting effects – enhanced heat transfer into the PCM through the fin and reduced heat transfer into the
PCM due to lower area of direct contact between PCM and heat source. This results in a non-monotonic
dependence of total heat flow into the PCM on the fin size, and shows that a fin larger than a certain opti-
mal size may actually impede overall heat flow into the PCM. For a given total time, the optimal fin size is
shown to be a function of the fin thermal conductivity. The impact of thermal properties of PCM and fin
on the rate of heat transfer is also examined. The theoretical work in this paper extends the well-known
governing equation for a fin in a single-phase medium to a fin in a phase change material, which is a
much more complicated, transient problem. In addition to extending the theoretical understanding of
extended surfaces and phase change, this work also provides practical guidelines for the optimized
design of phase change based energy storage and thermal management systems.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Phase change based energy storage plays a key role in several
engineering applications [1–3]. Due to the significantly large latent
heat compared to specific heat capacity, phase change offers much
greater energy storage capability compared to sensible heat based
technologies [4]. A key challenge in phase change energy storage,
however, is that thermal impedance offered by the melted phase
results in a reduction in the rate of heat transfer to the phase
change propagation front.

Due to this self-limiting nature of the phase change propagation
process, several approaches for enhancement in phase change
based energy storage have been investigated, including the inser-
tion of fins into the PCM [5–7]. Fins offer potential improvement
in rate of energy stored by enhancing available surface area for
heat transfer into the PCM. A key goal of research in this field
has been to optimize fin shape and size for enhanced rate of energy
storage. Towards this, both experimental and theoretical/numeri-
cal research has been reported.

On the experiments side, two-dimensional melting in a PCM
with convection in the liquid has been experimentally investigated
in both vertical and horizontal configurations of a finned tube stor-
age unit [8,9]. Melt fraction has been shown to be a function of
both Stefan and Fourier numbers, with conduction being the dom-
inant heat transfer mode at the beginning of melting [8,10]. Pres-
ence of a fin has been shown to result in improved performance
of a PCM-based heat sink [11]. Melting fraction and fin effective-
ness have been experimentally correlated for horizontal fins in a
rectangular enclosure [12]. Dimensionless correlations for fin
effectiveness in melting and solidification processes have been
developed [13]. The impact of geometry on the importance of con-
vective effects has been investigated [14]. Comparison of experi-
mental data and numerical model prediction for different
configurations of a photovoltaic-PCM system with internal fins
has been presented [15].

Significant research on theoretical and numerical modeling of
fin-based heat transfer into a PCM is also available. The PCM
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Nomenclature

c volumetric heat capacity (J/m3 K)
Cp specific heat capacity (J/kg K)
cf non-dimensional fin volumetric heat capacity, cf ¼ cf

cp
k thermal conductivity (W/m K)
kf non-dimensional fin thermal conductivity, kf ¼ kf

kp
L fin length (m)
L non-dimensional fin length, L ¼ L

W
Lp latent heat of fusion (J/kg)
q heat absorbed per unit depth (J/m)
q non-dimensional heat absorbed, q ¼ q

ðTw�TmÞcpW2

q
0 0
f�p heat flux from fin into PCM (W/m2)

Q 0 0 thermal conduction heat flux (W/m2)

S non-dimensional source term, S ¼ q
0 0
f�pW

w
WðTw�TmÞkf

Ste Stefan number, Ste ¼ CpðTw�TmÞ
Lp

t time (s)
t non-dimensional time, t ¼ apt

W2

T temperature (K)
Tm phase change temperature (K)
Tw wall temperature (K)
w fin width (m)
W width of the domain (m)

x,y spatial coordinates (m)
x; y non-dimensional spatial coordinates, x ¼ x

W, y ¼ y
W

xLS location of phase change front originating from fin (m)
xLS non-dimensional location of phase change front origi-

nating from fin, xLS ¼ xLS
W

yLS location of phase change front originating from fin (m)
yLS non-dimensional location of phase change front origi-

nating from fin, yLS ¼ yLS
W

Greek symbols
a thermal diffusivity (m2/s)
b non-dimensional eigenvalues
h non-dimensional temperature, h ¼ T�Tm

TW�Tm

k non-dimensional eigenvalues

Subscripts and superscripts
f fin
p phase change material
* initial approximation
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melting process within vertical fins attached to a horizontal con-
stant temperature plate has been studied numerically to study
the effect of fin geometrical parameters on the melting process.
Dimensional analysis has been carried out to generalize the results
for determining melt fraction [7]. Semi-analytical and numerical
modelings of melting and solidification processes in the presence
of a fin have been presented [16–18]. The fraction of solidified
PCM and fin temperature distribution in a PCM heat sink with plate
fins has been calculated using a simplified analytical model for
constant heat flux boundary condition [19]. Numerical methods
have been used to optimize fin geometry for maximizing phase
change based heat sink performance [20], to determine the critical
size of a composite heat sink [21] and to minimize the length of a
finned storage system to meet the criteria for the critical operation
time in electronic devices [22]. Experimental and numerical inves-
tigation of a PCM based heat sink with straight fins has been pre-
sented [23]. This work showed that fin geometry affects heat
sink performance, and an optimal fin thickness results in maxi-
mum rate of heat removal [23]. Numerical optimization of the
number and size of fins with constant heat flux boundary condition
has also been presented [24]. Solidification time has been approx-
imated using an approximate analytical method for two different
finned storage systems [25]. An analytical solution has been com-
pared with a numerical method to estimate the solid-liquid inter-
face in a finned PCM storage system [19].

Fig. 1 shows a schematic of a simplified Cartesian phase change
based energy storage, wherein the PCM absorbs heat from two hot
walls maintained at a constant temperature. A fin protruding
between the walls into the PCM results in enhanced available sur-
face area for heat transfer into the fin. Note that if infinite time is
available for heat transfer from the wall into the PCM, then the
entire PCM will melt and reach the wall temperature. In such a
case, the total amount of energy that can be stored is known in
advance, and the presence of the fin is actually counter-
productive, since it reduces PCM volume. However, in many prac-
tical applications, only a finite amount of time is available for
effecting the heat transfer process, in which case, the presence of
the fin may be beneficial, depending on the balance between two
key heat transfer effects. On one hand, the presence of a fin reduces
PCM volume available and the area of direct contact between the
PCM and the hot wall. In Fig. 1, for example, the fin of width 2w
results in only the remainder 2(W-w) width of the hot wall being
available for direct heat transfer into the PCM. This results in
reduced heat transfer from the wall to the PCM. On the other hand,
however, thermal conduction occurs from the hot wall into the fin,
followed by heat transfer from the fin surface into the PCM. This is
a transient process, because of the time involved in thermal diffu-
sion into the fin. Initially, the fin temperature is not very high, due
to which, it does not enhance heat transfer into the PCM. As time
passes and the fin heats up, it increasingly contributes towards
heat transfer into the PCM. Due to these two directly conflicting
effects of the fin and the transient nature of this problem, it is pos-
sible that for a given, finite time available, an optimal fin size may
exist that results in enhanced energy storage despite the reduced
PCM volume due to inclusion of the fin. A theoretical heat transfer
model for this problem is very desirable for studying such transient
effects. Some work in this direction has been reported by Lamberg
& Sirén, who presented semi-analytical and numerical solutions for
melting and solidification processes in the presence of a fin [16–
18]. Through simplifying assumptions of quasi-steady conditions
and no sensible heat storage, governing equations for the fin tem-
perature and phase change front location were derived. An expres-
sion for the fin temperature was obtained by assuming the phase
change front location to be constant. While this approach resulted
in a solution for the fin temperature, some of these assumptions
may not be accurate, and it may be helpful to account for effects
neglected in these papers. Further, these papers do not address
the conflicting effects of the fin on energy absorbed in the PCM
as outlined above, and the consequent optimization problem of
maximizing heat transfer into the PCM for a given total time as a
function of fin size and thermal properties. A comprehensive theo-
retical heat transfer model is needed to optimize the use of fins for
enhancing heat transfer in PCMs and exploring optimal fin size.

This paper derives the governing energy equation for heat
transfer from a hot wall into a PCM in the presence of fins extend-
ing into the PCM. The equation accounts for transient thermal dif-
fusion into the fin and the resulting transient heat transfer into the
PCM. Both latent and sensible heat storage in the fin are accounted
for. Based on a semi-analytical solution of the equation, an expres-
sion for the total heat absorbed by the PCM for a given total time is



Fig. 1. (a) Schematic of a Cartesian phase change energy storage problem with periodic fins for enhancing energy storage in the PCM; (b) Schematic of the unit cell in this heat
transfer problem.
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derived. This is used to examine the dependence of total heat
absorbed on the fin size, showing that, for a given total time, the
total heat absorbed is highest at a specific fin size. This optimal
fin size is itself shown to be a function of fin thermal conductivity,
as well as the total time available. These results provide useful
insights into the nature of enhanced heat absorption into a PCM
due to a fin, and help in optimizing the fin design in order to max-
imize heat absorption into the PCM.

2. Theoretical model

Consider a wall maintained at a constant temperature Tw, from
which, thermal energy is absorbed by a surrounding PCM. In order
to enhance heat transfer into the PCM, fins of width 2w and length
2L are provided periodically with a fin-to-fin pitch of 2 W, as shown
in Fig. 1(a). Thermal conductivity of fin and PCM are kf and kp
respectively. Similar nomenclature is followed for the volumetric
specific heat c. The latent heat of phase change of the PCM is taken
to be Lp. All properties are assumed to be independent of temper-
ature. The PCM and fin are both assumed to be initially at the PCM
melting temperature Tm. Note that if infinite time is available for
heat transfer, then the entire PCM will eventually reach the wall
temperature, so that the total heat absorbed is proportional to
PCM mass, and therefore, the presence of the fin may actually
reduce the amount of energy storage by reducing PCM available
within the fixed total volume. However, in several applications,
only a finite time is available for energy storage, in which case,
transient heat transfer in the fin may enhance the total energy
absorbed within the finite available time. Even accounting for the
reduced PCM mass, this may result in overall increase in energy
absorbed, compared to the case without fin.

The interest here is in determining the transient temperature
distributions Tf(x,t) and Tp(x,y,t) in the fin and PCM respectively,
and therefore, in determining the total amount of heat absorbed
by the PCM, qtotal(t) for a given, finite total time. The fin provides
additional surface for the PCM to absorb heat from. However, pres-
ence of the fin also reduces the area of direct contact between the
PCM and the hot wall, which is the primary energy source in this
problem. Accounting for these competing factors is, therefore, crit-
ical for accurate determination of qtotal(t).

The analysis of this problem can be simplified by considering a
symmetry unit cell that repeats itself in the geometry, as marked
in Fig. 1(a) and shown in detail in Fig. 1(b). The total heat absorbed
by the PCMup to time t, qtotal(t), comprises two distinct components
– q1(t), the heat absorbed by the PCM directly from thewidth (W-w)
of thewall, and q2(t), the heat absorbed by the PCM from the length L
of the fin, as shown in Fig. 1(b). Thermal diffusion from thewall into
the fin slowly raises the fin temperature, which in turn increases the
heat absorbedby thePCM. Thus, q2(t) is expected to be small initially
and slowly rise with time. In general, q2(t)will depend on the prop-
erties of both fin and PCMaswell as geometrical parameters such as
fin sizew. On the other hand, q1(t) depends only on the properties of
thePCMand the temperaturedifference (Tw�Tm). The region close to
the origin of the coordinate axis shown in Fig. 1(a) experiences heat
absorption from both directions. Neglecting this small region, two
separate, independent melting fronts can be assumed for ease of
analysis in the rest of the PCM. The melting fronts originating from
the wall and fin propagate in the x and y directions, respectively,
and are responsible for q1(t) and q2(t), respectively. Such an assump-
tion of two independent melting fronts is commonly made to sim-
plify two-dimensional phase change problems [16–18], and is
reasonable when the aspect ratio of the unit cell is much larger than
one. Further, natural convection in the liquid phase is neglected
here, which may be a reasonable assumption for a wide, horizontal
PCM layer [7].

Separate expressions for q1(t) and q2(t) are now derived. For gen-
erality, the results are derived in non-dimensional form. The non-
dimensionaliztion scheme is described in theNomenclature section.
Non-dimensional temperature is denoted as h, whereas several
other non-dimensional quantities are denoted with an overbar.

2.1. Wall-to-PCM heat transfer

Until the time that the phase change front originating from the
wall reaches the other end of the domain, the PCM may be consid-
ered to be semi-infinite. Under this assumption, the problem of
heat transfer from the wall directly into the PCM is the classical
Stefan problem with Tw as the constant temperature boundary
condition. Therefore, the location of the phase change front and
temperature distribution in the melted PCM are given by [26]

xLS t
� � ¼ 2k

ffiffi
t

p
ð1Þ

hP x; t
� � ¼ 1�

erf x

2
ffiffi
t

p
� �

erf kð Þ ð2Þ

where k is the root of:
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kerfðkÞek2 ¼ Steffiffiffiffi
p

p ð3Þ

Consequently, the total heat absorbed by the PCM directly from
the wall q1 t

� �
is given by

q1 t
� � ¼ 2 1� w

W

� � ffiffi
t

p
ffiffiffiffi
p

p
erfðkÞ ð4Þ

Note that Eq. (4) accounts for the reduced area of contact
between the PCM and the wall due to presence of the fin. There-
fore, the larger the fin size w/W, the lower is the value of q1 t

� �
.

2.2. Wall-to-fin-to-PCM heat transfer

The problem of determining q2 t
� �

, the total heat absorbed by
the PCM through the fin is considerably more complicated due to
the coupling between thermal conduction into the fin and heat
transfer from fin into the PCM. This necessitates determining the
fin temperature distribution hf x; t

� �
first, followed by the PCM tem-

perature distribution hp x; y; t
� �

, and then q2 t
� �

.
Temperature within the fin is assumed to vary spatially only in

the x direction, and not in the y direction. This assumption of one-
dimensional heat transfer in the fin is reasonable as long as the fin
width is small compared to fin length. In order to determine the fin
temperature distribution, the governing energy conservation equa-
tion in the fin is derived. To do so, energy balance of an infinitesi-
mal fin element of length dx is considered, as shown in Fig. 2.
Similar to the classical energy analysis of a fin in a fluid without
phase change [27], the components of energy balance to be consid-
ered include thermal conduction into and out of the element,
increase in thermal energy stored in the element and heat loss
from the element into the PCM. As shown in Fig. 2, a balance
between these terms, along with Fourier’s law can be used to
derive the following governing equation for the fin temperature

cf
kf

@hf
@t

¼ @2hf
@x2

� S ð5Þ

where S is the heat generation term due to heat transfer to the PCM.
The final step is to express S in the form of the fin temperature, in
order to write Eq. (5) as a differential equation in hf . In traditional
finanalysis in afluidwithoutphase change [27], this canbedone sim-
ply using the convective heat transfer coefficient. In the present anal-
ysis, however, this term ismuchmore challenging towrite in termsof
hf due to phase change occurring in the PCM. Temperature of the fin
element changes over time, and therefore, this is a time-dependent
boundary condition problem, unlike thewall-to-PCMproblemwhich
can be easily modeled as a classical Stefan problem with constant
temperature boundary condition. In order to determine the PCM
temperature distribution, and therefore heat flux into the PCM due
Fig. 2. Schematic of an infinitesimal fin element of width dx for deriving a
governing energy conservation equation for the fin temperature distribution.
to the time-varyingfin temperature that acts as the base temperature
for this phase change problem, this must be treated as a one-
dimensional melting problem with time-dependent temperature
boundary condition given by the fin temperature. A solution for this
problem using perturbation method is available [28,29]. In this
method, the temperature distribution in the PCM is written in a
power series form, using the Stefan number, and the independent
variable is transformed from t to y, the phase change front location.
Finally, utilizing the energy conservation equation at the phase
change interface, and carrying out a term-by-term comparison for
various powers of Ste, an expression for the temperature distribution
can be derived. The final result is [28,29]

hp x; y; t
� � ¼ h0 x; y; t

� �þ Steh1 x; y; t
� �þ Ste2h2 x; y; t

� � ð6Þ
where the components h0, h1 and h2 may be expressed in terms of
the corresponding fin temperature at the location x as follows

h0 x; y; t
� � ¼ hf 1� y

yLS

� �
ð7Þ

h1 x; y; t
� � ¼ 1

6
hf

y
yLS

� �
y
yLS

� 1
� �

hf
y
yLS

þ 1
� �

� hf
0

y
0
LS

yLS
y
yLS

� 2
� �" #

ð8Þ

h2 x;y;t
� �¼� 1

360
hf

y
yLS

� �
y
yLS

�1
� �

hf
2 y

yLS
þ1

� �
9

y
yLS

� �2

þ19

 !"

þ10
hf

0

y
0
LS

 !2

y2LS
y
yLS

þ4
� �

þ5hf
hf

0

y
0
LS

yLSð3
y
yLS

� �2

þ5
y
yLS

� �
þ17Þ

3
5

ð9Þ
where hf is the fin temperature distribution. As a result, an expres-
sion for S can be written as

S ¼ 1

kf w
W

hf
yLS

þ Ste
hf hfþ2

hf
0

y
0
LS

yLS

� �
6yLS

�

Ste2
hf 40

hf
0

y
0
LS

� �2

y2LSþ85hf
hf

0

y
0
LS

yLSþ19hf
2

 !
360yLS

2
6666664

3
7777775

ð10Þ

where the location of the melting front originating from the fin, yLS
is given by [28,29]

yLS x; t
� � ¼ 2Ste

Z t

0
hf x; sð Þ 1� Ste

3
hf x; sð Þ þ 7

45
Ste2hf x; sð Þ2

� �
ds

" #1
2

ð11Þ
Note that the primes in Eqs. (8)–(10) refer to time derivatives.
The perturbation method solution utilized above is valid only

for small values of Ste, which is usually the case for most practical
phase change processes [28,29], and only until the phase change
front reaches the other boundary.

Eqs. (10) and (11) express heat loss from a fin location at any
given time in terms of the prior fin temperature history at that
location and thermal properties of the PCM.

By combining Eqs. (5) and (10), a complicated partial differen-
tial equation for the fin temperature distribution can be written as

cf
kf

@hf
@t

¼ @2hf
@x2

� 1

kf w
W

hf
yLS

þ Ste
hf hfþ2

hf
0

y
0
LS

yLS

� �
6yLS

�

Ste2
hf 40

hf
0

y
0
LS

� �2

y2LSþ85hf
hf

0

y
0
LS

yLSþ19hf
2

 !
360yLS

2
6666664

3
7777775

ð12Þ
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Note that the negative heat generation term in Eq. (12) involves
the phase change front yLS, which itself is given by an integral of
the fin temperature distribution over time (Eq. (11)). This makes
Eq. (12) considerably complicated to solve explicitly.

Boundary conditions and initial conditions must be specified in
order to complete the fin temperature problem. While at x = 0, the
fin temperature must equal the wall temperature, an adiabatic
boundary condition applies at x = L as a result of symmetry in the
problem. Finally, the initial fin temperature is equal to the PCM
melting temperature. These are given mathematically by the
following:

hf 0; t
� � ¼ 1 ð13Þ

@hf
@x

� �
x¼L

¼ 0 ð14Þ

hf x;0ð Þ ¼ 0 ð15Þ
Eq. (12) captures the effect of the PCM in the form of a negative

heat generation term, similar to classical fin analysis without phase
change [27]. This term involves an integral of the temperature dis-
tribution over time, which, although more complicated than past
work [16–18], is more accurate, as it correctly accounts for propa-
gation of the phase change front over time.

Once a solution for Eq. (12) is determined, the PCM temperature
distribution can be obtained from Eq. (6). Heat transfer in the x
direction within the PCM is neglected, which is reasonable in the
absence of flow within the PCM. Finally, an expression for q2 t

� �
,

the total heat flux into the PCM at the fin base up to time t can
be derived using Eq. (10) as

q2 t
� � ¼ Z t

0

Z L

0

hf
yLS

þ Ste
hf hfþ2

hf
0

y
0
LS

yLS

� �
6yLS

�

Steð Þ2
hf 40

hf
0

y
0
LS

� �2

y2LSþ85hf
hf

0

y
0
LS

yLSþ19hf
2

 !
360yLS

2
6666664

3
7777775
dxdt ð16Þ

This approach for calculating the total heat absorbed by the
PCM from the fin requires a solution for the fin temperature distri-
bution governed by Eqs. (12)–(15). Eq. (12) is a generalization of a
previously presented treatment [16] in which sensible heat storage
was neglected and the phase change front was assumed to be con-
stant in the fin equation. In contrast, Eq. (12) correctly accounts for
transient changes in the phase change front, as well as the effect of
transient changes in the fin temperature on the phase change front.

While a completely analytical solution for Eq. (12) is quite unli-
kely due to its considerable complexity, this equation provides an
explicit expression for the derivative of fin temperature with time.
As a result, a numerical time-stepping method may be appropriate
for solving Eq. (12). An implicit approach is used to ensure stability
of the computations. The fin length is divided into 401 nodes. A
non-dimensional timestep of 3:34� 10�5 is used after ensuring
that further shorter time steps did not significantly change the
results. At each time step, a set of coupled linear algebraic equa-
tions in the unknown temperatures at the nodes are set up and
solved using matrix inversion. The resulting temperature distribu-
tion is used to repeat this process at the next timestep and there-
fore march forward in time.

One practical challenge is that at t = 0, hf and yLS are both zero,
and therefore, the negative heat generation term in Eq. (12) cannot
be computed. This singularity makes it difficult to initiate the time-
stepping process. In order to overcome this difficulty, an approxi-
mation is made for an initial time period 0<t<t�, during which, heat
transfer from the fin into the PCM is neglected in Eq. (12). As a
result, during this period, temperature distribution in the fin is
approximated to be governed only by diffusion from the hot wall.
Under this approximation, the temperature distribution during this
period can be easily derived using the method of separation of vari-
ables [26] as

hf x; t
� � ¼ 1� 2

X1
n¼1

ð1� cos bnð ÞÞ
bn

sin bnxð Þe�b2nt ð17Þ

where

bn ¼ ð2n� 1Þp
2

ð18Þ

for n = 1,2,3. . .
Eq. (17), along with the phase change front location at t = t� cal-

culated using the fin temperature can be used in Eq. (12) in order

to calculate @hf
@t

at t=t�, and therefore, carry out time-stepping for

the fin temperature distribution starting at t = t�. In order to mini-
mize the error introduced by ignoring heat transfer from fin to PCM
up to t = t�in this approach, the value of t� must be chosen to be
small compared to the total time period. The effect of t� on the
accuracy of the solution is examined later.

Considering both components of heat absorbed, an expression
for the total heat absorbed by the PCM in a certain time t can be
written as

qtotal t
� � ¼ q1 t

� �þ q2 t
� � ¼ 2 1� w

W

� � ffiffi
t

p
ffiffiffiffi
p

p
erf kð Þ

þ
Z t

0

Z L

0

hf
yLS

þ Ste
hf hfþ2

hf
0

y
0
LS

yLS

� �
6yLS

�

Steð Þ2
hf 40

hf
0

y
0
LS

� �2

y2LSþ85hf
hf

0

y
0
LS

yLSþ19hf
2

 !
360yLS

2
6666664

3
7777775
dxdt

ð19Þ

Eq. (19) shows that qtotal has a non-monotonic dependence on
w/W. As the value of w/W increases, q2ðtÞ, heat absorbed from
the fin increases due to better thermal conduction into the fin,
leading to higher fin temperature and therefore greater heat trans-
fer into the PCM. However, as the value of w/W increases, the heat
absorbed directly from the wall, q1ðtÞ, decreases. While the rela-
tionship between w/W and q1ðtÞ is quite explicit, as shown in Eq.
(4), the dependence of q2ðtÞ on w/W is more complicated because
the solution for the differential equation for hf x; t

� �
, and hence

the PCM temperature distribution is not straightforward.

2.3. Alternate derivation of fin temperature equation

The expression for the source term in Eq. (10) is derived by
applying Fourier’s law at the fin-PCM interface on the PCM temper-
ature distribution given by the perturbation method solution. An
alternate expression for the source term can be written by adding
up latent and sensible heat storage rates in the PCM as follows:

S ¼ 1

kf w
W

1
Ste

@yLS
@t

þ
Z yLS

0

@hf
@t

dy

" #
ð20Þ

Note that a similar analysis of this problem in the past [16] had
neglected the sensible component for heat transfer from fin into
the PCM.

By combining Eqs. (20) and (5), an alternate form of the govern-
ing equation for the fin temperature distribution can be derived to
be

cf
kf

@hf
@t

¼ @2hf
@x2

� 1

kf w
W

1
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@t

þ
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0

@hf
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dy

" #
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Eqs. (21) and (12) are expected to result in the same fin temper-
ature distribution since the heat loss into the PCM can be equiva-
lently computed by either applying Fourier’s law at the fin-PCM
interface, or by adding up sensible and latent heat storage in the
PCM. Eq. (21) is more complicated than Eq. (12) to solve, due to
which, Eq. (12) is used in this work for understanding and optimiz-
ing heat transfer into the PCM in presence of a fin.
3. Results and discussion

3.1. Model validation

Validation of the analytical model presented in Section 2 is
carried out by comparison with finite-element simulations. For this
purpose, octadecane paraffin wax PCM with an aluminum fin, sim-
ilar to Fig. 1(b) is considered. Thermal conductivity, heat capacity,
density and latent heat of the PCM are taken to be 0.15 W/m K,
2300 J/kg K, 780 kg/m3 and 244000 J/kg, respectively, correspond-
ing to the properties of octadecane [30]. Standard values are used
for thermal properties of the aluminum fin. Temperature fields in
the fin and PCM are computed using the enthalpy method and
the finite element technique. Grid independence is ensured by ver-
ifying minimal change in predicted temperature beyond 399,600
nodes in the PCM and 44,400 nodes in the fin. The PCM is defined
as a homogenous binary mixture of solid and liquid phases that is
initially all solid. Wall temperature is taken to be 20 K higher than
the PCM melting point. The phase change process is simulated
using the enthalpy method [26] which defines the phase change
material as a binary mixture of liquid and solid. Thermal properties
of each phase and a reference enthalpy of fusion are defined.

Fig. 3(a) shows a comparison of fin temperature distribution
determined from the analytical model presented in Section 2 with
finite-element simulation results at multiple times. The analytical
model is found to be in good agreement with finite-element simu-
lations at each of the plotted times. Fig. 3(b) plots the location of
the phase change front along the fin at multiple times. Similar to
Fig. 3(a), good agreement is obtained between the analytical model
and finite-element simulations. Note that these calculations use a
value of t� ¼ 3:34� 10�5, which represents only 0.05% of the total
time. The small value of t� minimizes the error associated with the
approximation needed at early time.

Further, Fig. 4 presents colormaps of temperature distribution
in the PCM and fin at multiple times predicted by the finite-
element simulations. Heat diffusion into the fin, as well as heat
transfer into the PCM through two distinct mechanisms – direct
conduction from wall on the left, and conduction through the fin
Fig. 3. Validation of results by comparison between theoretical model and finite-element
the phase change front across the fin at multiple times. In these plots, w

W ¼ 0:1, L ¼ 4, Ste =
for PCM and fin respectively.
on the bottom – are all clearly seen in these plots. Two nearly-
independent phase change fronts originating from the PCM-wall
and PCM-fin interfaces are seen. These plots show that at each
time, the melting fronts from the left and bottom do not interact
significantly with each other, except for a small region close to
x = 0 is det. This justifies a key assumption in the analytical model
presented in Section 2.

3.2. Optimal value of w/W

Fig. 5(a)–(f) plot the two components of heat transfer into the
PCM as well as total heat transferred up to t ¼ 6:69� 10�2 deter-
mined from Eqs. (4), (16) and (19) as functions of the relative fin

size w/W for multiple values of fin thermal conductivity kf . Other
thermophysical properties are held constant. For comparison, the
total non-dimensional heat absorbed in a baseline case with no
fin is 0.895.

These plots clearly show that the larger the fin thermal conduc-
tivity, the higher is the heat absorbed. However, for a fixed fin ther-
mal conductivity, each of these Figures show the existence of an
optimal value of w/W that maximizes total heat absorbed. As w/
W increases, the reduced thermal resistance of the fin results in
greater heat transfer into the fin, higher fin temperature and there-
fore, q2 increases with w/W. However, an increase in w/W is also
seen to result in a reduction in q1, because a larger value of w/W
results in a greater area of the wall being occupied by the fin,
and therefore reduces the area of contact directly between the wall
and the PCM. While q1 reduces linearly with w/W, the increase in
q2 with w/W is sharp initially, and then linear. The total heat
absorbed from the wall and fin, given by the sum of q1 and q2, plot-
ted in Fig. 5(a)–(f) has a non-monotonic dependence on w/W. with
a peak occurring at a reasonably low value of w/W. This means that
even a very small fin width provides sufficient thermal conduc-
tance into the fin to positively impact the total heat flow into the
PCM. Beyond this peak value, further increasing the fin size is
not beneficial because at the peak, thermal resistance of the fin is
already quite low and does not reduce meaningfully by increasing
w/W further. When this state is reached, further increase in w/W
reduces q1 without contributing much towards increasing q2. This
is further illustrated in Fig. 6 which plots fin temperature distribu-

tion at t ¼ 6:69� 10�2 for different values of w/W, with kf = 1333.
Fig. 6 shows sharp increase in fin temperature distribution with
increasing w/W when w/W is small. However, this effect saturates
when w/W is somewhat large because at that point, further
increasing w/W does not significantly reduce thermal resistance
of the fin, which is already quite low. This illustrates the impor-
simulations. (a) Temperature distribution in the fin at multiple times; (b) location of
0.19, kf ¼ 1580 and cf ¼ 1:36. Properties of octadecane and Aluminum are assumed



Fig. 4. Temperature map determined from finite-element simulations for the problem considered in Fig. 3. Location of the fin is emphasized with dark lines.

Fig. 5. Total heat absorbed by the PCM up to t ¼ 6:69� 10�2, including the wall and fin components. (a)–(f) present plots for six different fin thermal conductivities. In these
plots, L ¼ 4, Ste = 0.19 and cf ¼ 1:36.
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tance of carefully choosing the fin size relative to the wall in order
to balance the two conflicting considerations in maximizing overall
heat transfer into the PCM.

Thermal conductivity of the fin plays a key role in determining
the optimal value of w/W. Fig. 7(a) plots the total heat absorbed as

a function of w/W for multiple values of kf . These curves clearly

show a distinct shift in the location of the maxima as kf reduces.
Fig. 7(b) plots the optimal value of w/W corresponding to the peak

as a function of kf . This plot shows that the higher the value of kf ,
the lower is the value of w/W at which the peak of stored energy
occurs. This is because thermal resistance of a high thermal con-
ductivity fin saturates at a lower fin size, whereas thermal resis-
tance of a low thermal conductivity fin can continue to improve
as the fin size increases. The dependence of peak energy storage
performance on thermal conductivity illustrated in Fig. 7(a) and
(b) is important to account for in practical fin design because if
the fin size is greater than the optimal value for the thermal con-
ductivity of the fin, then the fin is counter-productive and actually
impedes flow of heat into the PCM.
3.3. Effect of time available for heat transfer

The total time available for heat transfer into the PCM plays a
key role in determining the impact of the fin. In principle, if infinite
time is available, then the PCM will eventually reach the wall tem-
perature, and therefore, the presence of the fin is un-necessary and
counter-productive, since it reduces PCM volume. However, when
only a short time is available, the fin may contribute towards
increasing overall energy storage by offering an alternate path for
heat transfer into the PCM. The dependence of the optimal fin size
on available time is investigated. Fig. 8 plots the optimal value of
w/W that results in the highest possible total energy stored as a
function of the total time available for heat transfer. Fig. 8 shows
that as time increases, the optimal fin becomes thinner and thin-
ner. This happens because at larger times, the role of the fin in
increasing surface area and promoting indirect heat transfer into
the PCM diminishes, and the negative impact of reduced PCM vol-
ume and reduced area of wall-PCM contact becomes more and
more important. Fig. 8 illustrates the important role of available
time on the optimal design of the fin for promoting heat transfer
into the PCM.
3.4. Impact of thermal properties

Fig. 9 examines the effect of material thermal properties on
energy storage performance. Total heat absorbed by the PCM with

w/W = 0.2 up to t ¼ 6:69� 10�2 is plotted as a function of kf in
Fig. 9 for octadecane PCM. The two components of total heat
absorbed – q1 and q2 – are also plotted for comparison. Fig. 9 shows

that while q1 remains unchanged with increasing kf because fin



Fig. 6. Fin temperature distribution at t ¼ 6:69� 10�2 for multiple values of w/W,
showing the saturation impact of w/W. In this plot, kf ¼ 1333, Ste = 0.19, cf ¼ 1:36,
L ¼ 4.

Fig. 8. Effect of total time available for heat transfer on the optimal fin thickness
that maximizes total amount of heat stored. In this plot, Ste = 0.19, cf ¼ 1:36, L ¼ 4
and kf ¼ 1333.

Fig. 9. Effect of fin thermal conductivity on heat absorbed from the wall and fin, as
well as total heat absorbed up to t ¼ 6:69� 10�2. In this plot, w/W = 0.2, Ste = 0.19,
cf ¼ 1:36, L ¼ 4.
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thermal conductivity does not affect heat absorbed directly from

the wall, q2 increases with kf because of the increased thermal dif-
fusion into the fin and therefore enhanced heat transfer into the
PCM. On the overall, the total energy absorbed by the PCM
increases with increasing kf.

3.5. Impact of sensible heat storage

Fig. 10 examines the importance of accounting for latent and
sensible heat storage in the PCM on the results of the analytical
model. In the alternate derivation of the fin temperature equation,
the heat loss term, Eq. (20), has explicit terms for the contributions
of latent and sensible heat storage mechanisms. Using the resulting
Eq. (21) for determining the fin temperature distribution, Fig. 10
plots fin temperature distribution at multiple times without and
with sensible heat storage accounted for. Plots are presented in
Fig. 10(a) and (b) for two different values of the wall temperature
relative to the melting temperature. For a relatively small value of
Ste = 0.19, the error involved in neglecting sensible heat storage is
found to be reasonably small. However, for a larger value of
Ste = 0.94, the error is much more significant. Fig. 10 shows that
this error also grows as time increases.

3.6. Effect of t�

Determining the fin temperature distribution from Eq. (12)
requires an approximation to handle the singularity at t = 0,
Fig. 7. (a) Plot of qtotal at t ¼ 6:69� 10�2 as a function of w/W for different values of
conductivity. In these plots, Ste = 0.19, cf ¼ 1:36, L ¼ 4.
wherein heat transfer into the fin is assumed to occur without heat
loss to the PCM for a short initial time, up to t = t�. Clearly, the lar-
ger the value of t�, the greater is the error incurred due to neglect-
ing the heat loss into PCM. Fig. 11 plots temperature distribution in
fin thermal conductivity. (b) Optimal value of w/W as a function of fin thermal



Fig. 10. Effect of accounting for sensible heat storage. (a) and (b) plot fin temperature distribution at different times for two different values of Ste. In these plots, w/W = 0.1,
�kf ¼ 1580, cf ¼ 1:36 and L ¼ 4.

Fig. 11. Effect of the value of t� on the accuracy of fin temperature distribution
computed from equation (12) for a total time of t ¼ 1:67� 10�2. Result from a
finite-element simulation is also shown for comparison. In this plot, w/W = 0.1,
kf ¼ 1580, cf ¼ 1:36 and L ¼ 4.
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the fin at the final time t ¼ 1:67� 10�2 for multiple values of t�. For
comparison, a plot based on a finite-element simulation that does
not incur this error is also presented. Fig. 11 clearly shows signifi-
cant error when t� is large. This error reduces rapidly as t� reduces.
In this specific case, a value of t� ¼ 3:34� 10�5, corresponding to
0.05% of the total time results in reasonable agreement between
the analytical model and finite-element simulation. Note that the
need to utilize an initial period that neglects heat loss into the
PCM results from the singularity in Eq. (12) that makes it impossi-
ble to initiate time-stepping at t=0 to compute the fin temperature
distribution as a function of time.
4. Conclusions

It is important to complement experimental research on
enhancement of phase change energy storage through extended
surfaces with theoretical modeling of heat transfer in such sys-
tems. The transient and non-linear nature of heat transfer in such
processes results in complicated governing equations for the tem-
perature distribution. The equations derived in this work correctly
account for several phenomena that were unaccounted for in past
papers, including sensible heat storage in the newly formed phase
and transient variation in phase change front location. Conse-
quently, this work establishes the existence of an optimal fin size
that maximizes the benefit of the fin on heat transfer into the PCM.

From a theoretical perspective, this work generalizes the well-
known, linear differential equation for steady-state temperature
distribution for a fin in a single phase fluid to a significantly more
complicated non-linear differential equation for a fin in a phase
change material. From a practical perspective, the fin temperature
distribution and the consequent computation of heat absorbed by
the PCM are critical insights, and offer guidelines for the optimal
design of phase change energy storage systems that occur in sev-
eral engineering applications. Specifically, the optimal fin size for
maximum heat transfer into the PCM, and the dependence of this
optimal fin size on thermal properties and the available time win-
dow are both important and practical guidelines.

The present work neglects the effect of natural convection in
the liquid phase, which, while not important for the geometry con-
sidered here, may be significant in other scenarios, for example, in
a long, vertical PCM layer [7]. The effect of temperature-
dependence of thermal properties, while neglected here, may also
be important to account for in scenarios with relatively large tem-
perature change.
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